Integral Formulation of General Principles

In Sections 3.15, 4.4, 4.7, 4.14, the field equations expressing the principles of conservation
of mass, of linear momentum, of moment of momentum, and of energy were derived by the
consideration of differential elements in the continuum. In the form of differential equations,
the principles are sometimes referred to as local principles. In this chapter, we shall formulate
the principles in terms of an arbitrary fixed part of the continuum. The principles are then in
integral form, which is sometimes referred to as the global principles. Under the assumption
of smoothness of functions involved, the two forms are completely equivalent and in fact the
requirement that the global theorem be valid for each and every part of the continuum results
in the differential form of the balance equations.

The purpose of the present chapter is twofold:(1) to provide an alternate approach to the
formulation of field equations expressing the general principles, and (2) to apply the global
theorems to obtain approximate solutions of some engineering problems, using the concept
of control volumes, moving or fixed.

We shall begin by proving Green’s theorem, from which the divergence theorem, which we
shall need later in the chapter, will be introduced through a generalization (without proof).

71 Green’s Theorem

Let P(x.y), P/dx and dP/dy be continuous functions ofx andy ina closed region R bounded
by the closed curve C. Let n = nye;+nye; be the unit outward normal of C. Then Green’s

theorem' states that
[ 2= fPay=[Pnas (7.1.1)
ax

R C c

and

t The theorem is valid under less restrictive conditions on the first partial derivative.

427
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oP
{ 5= _£de = {Pnyds (1.12)

where the subscript C denotes the line integral around the closed curve C in the counter-
clockwise direction. For the proof, let us assume for simplicity that the region R is such that
every straight line through an interior point and parallel to either axis cuts the boundary in
exactly two points. Figure 7.1 shows one such region. Leta and b be the least and the greatest
values of y on C (points G and H in the figure). Letx = x4(y) and x = x5(y) be equations for

the boundaries H4G and GBH respectively. Then

X
Fig. 7.1
P, r¥p :
[ = T 2
Now
x0) aP ) .
J =P = Pyl - Pao)y) (@
x0)
Thus,

[ 4= } P f
544 = [ Pl0), yldy=f Piyv), yldy
R a 4

= [ Pdy-[ Pay (iii)
GBH GAH
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Since
f Pdy = — f Pdy (iv)
GAH HAG
Thus
Pia=[ pay+[ Pay=[ Pdy ©)
ax
R GBH HAG C

Lets be the arc length measured along the boundary curve C in the counterclockwise direction
and let x = x(s) and y = y(s) be the parametric equations for the boundary curve. Then,
dy/ds = +n, , Thus,

&4 = [ Prds
R c
which is Eq. (7.1.1).

Equation (7.1.2) can be proven in a similar manner.

Example 7.1.1

For P(xy) =xy2, evaluate f P(xy)nds along the closed path OABC (Fig. 7.2). Also,
C

evaluate the area integral f (8P/dx)dA. Compare the results,
R

Solution. We have

I Paynds = [ x(0)%0)ds+ [ by’ ()dy+ [ xh*(0)ds
C OA AB BC

h 3 (i)
bh
+f Oy (-vds = [ by’dy ="~
co 0
On the other hand,

h 3 (i)
doP 2 bh
gdA=fydA=fy2bdy=T

R R 0
Thus,

S = [ s @
C R
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7.2 Divergence Theorem

Let v = vy(xy)e; +va(x,y)e; be a vector field. Applying Egs. (7.1.1) and (7.1.2) to v, and v,
and adding, we have

f (i +vong)ds = | (a"l ‘;‘;2) dA (7.2.1a)

In indicial notation, Eq. (7.2.1a) becomes

dv; (7.2.1b)
fv,-n,-ds = f 3_;(1/1
C R ?
and in invariant notation,
J vends = [ divvaa (72.1c)

(o R

The following generalization not only appears natural, but can indeed be proven (we omit
the proof)

fv,n,dS f av, (7.2.2a)

Or, in invariant notation,
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J vends = [ divay (7.2.2b)
S R

where § is a surface forming the complete boundary of a bounded closed region R in space
and n is the outward unit normal of S. Equation (7.2.2) is known as the divergence theorem (
or Gauss theorem). The theorem is valid if the components of v are continuous and have
continuous first partial derivatives in R. It is also valid under less restrictive conditions on the
derivatives.

Next, if T;j are components of a tensor T, then the application of Eq. (7.2.2a) gives

ii 7.2.3a
[Tymds = [ iy (7232)
ax;
S R %%
Or in invariant notation,
fTnds = [ diviav (7.2.3b)

S R

Equation (7.2.3) is the divergence theorem for a tensor field. It is obvious that for tensor
fields of higher order, Eq. (7.2.3b) is also valid provided the Cartesian components of divT are
defined to be 8T}y, s / 0.

Example 7.2.1

Let T be astress tensor field and let S be a closed surface. Show that the resultant force of
the distributive forces on S is given by

[ (divr)ay @)
1%
Solution. Let fbe the resultant force, then
f=[tds (i)
S

where tis the stress vector. But t = Tn, therefore from the divergence theorem, we have

f= s = [Tnds = [(divT)aV (72.42)
S S 1 4
i.e.,
_J_
f el

(7.2.4b)
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Example 7.2.2

Referring to Example 7.2.1, also show that the resultant moment, about a fixed point O, of
the distributive forces on S is given by

f y [xx(divT)+2¢1)dV (M)

where x is the position vector of the particle with volume dV from the fixed point O and tlis
the axial (or dual) vector of the antisymmetric part of T (see Sect. 2B16).

Solution. Let m denote the resultant moment about O. Then

m = [xxus (i)
s
Let m; be the components of m, then
m; = [ egegpidS = [T ds (i)
s s

Using the divergence theorem, Eq. (7.2.3), we have

a .
mi=[ 2 CiitiTip)dV (i)
v P
Now,
) _ (9% T}
ax, G Tip) = i [ax T4 a0,
p P p
T, W)

_ i, _ . L Ty
= Ejjk (djkap+x] 6xp ) = elkakp+etjkx] axp = sikakp"'sijlcxj axp
Noting that —&;;, T, are components of twice the dual vector of the antisymmetric part of T

aT;
[see Eq. (2B16.2b )}, and eijkxj(a_;e) are components of [xX divT], we have
P

m = [ xxw$ = [[xx(divT)+2¢'1aV (7.2.5)
N 14
Example 7.2.3

Referring to Example 7.2.2, show that the total power (rate of work done) by the stress
vector on § is given by,
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J1(divT) -v+r(TTVv) v (i)
| 4

where v is the velocity field.
Solution. Let P be the total power, then
P=[tvdS= [Tn-vas (i)
N S

But Tn-v=n-Tlv (definition of transpose of a tensor). Thus,

P= [ n-(T'vds (iif)
S

Application of the divergence theorem gives

P= [div(T™v)av (iv)
|4
Now,
div(T?v) = (T, jc,, Vi) _ ‘Z}: 5_; — (VD) v+tr(TTTY) v)
Thus,
P= [t-vds = [[(divT) v+tr(TTWv)ay (7.2.6)
s %

7.3 Integrals over a Control Volume and Integrals over a Material Volume

Consider first a one-dimensional problem in which the motion of a continuum, in Cartesian
coordinates, is given by

x=x(Xf), y=Y,z=2Z (73.1)
and the density field is given by
p =pxt) (7.3.2)
The integral
L2 (7.33)

m(t,xD, ¥y = f p(xt)Adx
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with fixed values of x! and x(z), is an integral over a fixed control volume ; it gives the total
mass at time ¢ within the spatially fixed cylindrical volume of constant cross-sectional area 4

and bounded by the end faces x = D andx = £,

Let xD and X2 be the material coordinates for the particles which, at time ¢ are at x(l)
and x? respectively, i.e., D = x(X(l), t) and 1@ = x(X(z), 1), then the integral

xAX(z), t)
MexD xPy = f px)Adx (7.34)

A

P,

with its integration limits functions of time, (in accordance with the motion of the material

particles which at time ¢ are at + and x(z)), is an integral over a material volume; it gives the
total mass at time ¢ , of that part of material which is instantaneously (at time #) coincidental
with that inside the fixed boundary surface considered in Eq. (7.3.3). Obviously, at time ¢, both
integrals, i.e., Egs. (7.3.3) and (7.3.4), have the same value. At other times, say at ¢ +dt,
however, they have different values. Indeed,

3 RO
om _ [_ o Adx] (7.3.5)
o o x(l) x(l), x(z) —fixed
is different from
xAX(Z), )] xAX(Z), )
% = [g; f p(x,t)Adx] = gt_ _}‘ plx)Adx (7.3.6)
x’(X(l), ) be 1)»X( D~ fixed x’fX(l), y)

We note that dm /dt in Eq. (7.3.5) gives the rate at which mass is increasing inside the fixed
control volume bounded by the cylindrical lateral surface and the end faces x = *® and

x= x(z), whereas dM /3¢ in Eq. (7.3.6) gives the rate of increase of the mass of that part of
material which at time ¢ is coincidental with that in the fixed control volume. They should
obviously be different. In fact, the principle of conservation of mass demands that the mass
within a material volume should remain a constant, whereas the mass within the control volume
in general changes with time.

The above one dimensional example serves to illustrate the two types of volume integrals
which we shall employ in the following sections. We shall use V. to indicate a fixed control
volume and V,, to indicate a material volume. That is, for any tensor T (including a scalar)
the integral

[1(x t)av
V.

<

is over the fixed control volume ¥, and the rate of change of this integral is denoted by
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2 frxeav
ot
VC
whereas the integral

fTxnav
V.

m

is over the material volume V,,, and the rate of change of this integral, is denoted by

% JT(x0)av

We note that the integrals over the material volume is a special case of the more general
integrals where the boundaries move in some prescribed manner which may or may not be in
accordance with the motion of the material particles on the boundary. In this chapter, the
control volume denoted by V, will always denote a fixed control volume; they are either fixed

with respect to an inertial frame or fixed with respect to a frame moving with respect to the
inertial frame (see Section 7.7).

7.4 Reynolds Transport Theorem

Let T(x, t) be a given scalar or tensor function of spatial coordinates (xq,xp,x3 ) and time ¢.
Examples of T are: density p(x t), linear momentum p(x, £)v(x, t), angular momentum
rxX[p(x, £)v(x, t)] etc.

Let

J Txtav @
V®

be an integral of T(x, ) over a material volume V,,,(¢f). As discussed in the last section, the
material volume V,,,(¢) consists of the same material particles at all time and therefore has
time-dependent boundary surface S,,,(f) due to the movement of the material.

We wish to evaluate the rate of change of such integrals ( e.g., the rate of change of mass,
of linear momentum etc., of a material volume ) and to relate them to physical laws (such as
the conservation of mass, balance of linear momentum etc.)

The Reynolds Transport Theorem states that
= f T(x )dV = [ —T("’—‘ldV+ f T(v-n)dS (74.1)

m (t) %

c

or

= f Tx, )dV = (—+Td1vv)dV (74.2)
m(t)
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where V, is the control volume (fixed in space) which instantaneously coincides with the
material volume V,,, (moving with the continuum), S, is the boundary surface of V., n is the
outward unit normal vector. We note that the notation D /D¢ in front of the integral at the
left hand side of Eqs (7.4.2) emphasizes that the boundary surface of the integral moves with
the material and we are calculating the rate of change by following the material.

Reynold’s theorem can be derived in the following two ways:
(A)

= f T(x, 6)dV = [ —I%[T(x, 1)dv] = f dV + f T-—(dV) @
m(t) V =V, c
Since [see Eq. (3.13.7) ]
%(dV) = (div)dV (ii)

therefore, Eq. (i) becomes
b f T )V = [ [—+T(d1v v)] (i)
m(t)
This is Eq. (7.4.2).

In terms of Cartesian components, this equation reads, if T'is a scalar

D f T v = | [ ]dV (7.4.2a)

m(t)
If T is a vector, we replace T in Eq. (7.4.2a) with T; and if T is a second order tensor, we
replace T with Tj; and so on.

avk
oxy,

Since
DT . (%) _oT 8T % _oT, (iv)
a (axk ot g e Tt (T Vi)
and from the Gauss theorem, we have
J3=vav = [ Tvemds = [Tv-nds (7.4.3)
k
so that, with T denoting tensor of all orders (including scalars and vectors )
g W)
o, Tav= f dV+ f T(v n)ds

This is Eq. (7.4.1).
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(B) Alternatively, we can derive Eq. (7.4.2) in the following way:
Since [see Eq. (3.29.3) ]

dV=(detF )dV, (vi)
where F is the deformation gradient and dV,, is the volume at the reference state, therefore
[ Tx0av = [ T(x )(detF )av,, (vii)
Vi vV

[+]

Thus,

z fV T(o0dV =3 | T(detF )V, = | [—D% (T detF )] v,

= [ (detF )+ T2 (detF)] (viii)
v,
But from Eq. (vi) and Eq. (ii), we have,
-gt—(detF) - %(—dV) gy divvdV = divy (detF) (%)
therefore,
— f T(x, H)dV = f [—+T(d1v v)] (x)

m(t) c

This is Eq. (7.4.2)

7.5 Principle of Conservation of Mass

The global principle of conservation of mass states that the total mass of a fixed part of
material should remain constant at all times. That is

D (7.5.1)
pxt)dV =0
Dt f,,m
Using Reynolds Transport theorem (7.4.1), we obtain
-jt pxndV =~ p(v-n)ds (7.5.2a)

S

c
4

or,
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5 Jonav = = [p(v-mys (7:5.20)
S

c [

This equation states that the time rate at which mass is increasing inside a control volume = the
mass influx (i.e., net rate of mass inflow ) through the control surface.

Substituting p for T'in Eq. (7.4.3), we obtain from Eq. (7.5.2b)

f [9B+div(pv)] av=0 (7.5.3)
v, L&
This equation is to be valid for all V, therefore, we must have
L. div(pv) = 0 (7.5.42)
This equation can also be written as
Dp . (7.5.4b)
Dt + pdivv=0

This is the equation of continuity derived in Section 3.15.

Example 7.5.1

Given the motion

x1=(1+0Xy, =X, x3=X; ®
and the density field
= Po = (i)
P=1r (po = constant)

(a) Obtain the velocity field.
(b) Check that the equation of continuity is satisfied.

(c) Compute the total mass and the rate of increase of mass inside a cylindrical control volume
of cross-sectional area A and having as its end faces the planex; = 1 and xq = 3.

(d) Compute the net rate of inflow of mass into the control volume of part(c).

(e) Find the total mass at time ¢ of the material which at the reference time (¢ =0) was in the
control volume of (c).

(f) Compute the total linear momentum for the fixed part of material consideredin part (e)

Solution. (a)
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Dx1 X1 (111)
V1=“D‘t“=Xl=1+t , V2=0, V3=0
(b)
Dp | pdivy = —3+v—3 M Po_ 21 _oye—Lo_—¢ W)
D 'P 16x1 paxl (1+t)2 (l+t)\ ) (1+t)2

Thus, the equation of continuity is satisfied.

(¢) The total mass inside the control volume at time ¢ is

ra )
24
m@) = [ p(x,t)alV=JJ plt)dV = " po = Adx, = Po
= 1 +t 1+t
Ve xn=1 x=
and the rate at which the mass is increasing inside the control volume at time ¢ is

m __24p, (vi)
* (141

i..e, the mass is decreasing.

(d) Since v, = v3 = (0, there is neither inflow nor outflow through the lateral surface of the
control volume. Through the end face x; = 1, the rate of inflow (mass influx) is

PoA (vii)
(PAV)y =1 =
i (1+6)
On the other hand, the mass outflux through the end face x; = 3, is
3p,A (viii)
(pAV) =3= .
(1+1)
Thus, the net mass influx is
_ 2pA (ix)
(1+£)

which is the same as Eq. (vi).

(e) The particles which were at x;y = 1 and x; = 3 when ¢ = 0 have the material coordinate
X7 = 1and X; = 3 respectively. Thus, the total mass at time ¢ is

x;=3(1+) (x)
M= [ Pt <PL B -(140] = 20,

Xy=(1+0) 1+
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We see that this time-dependent integral turns out to be independent of time. This is because
the chosen density and velocity field satisfy the equation of continuity so that, the total mass
of a fixed part of material is a constant.

(f) Total linear momentum is, since vy = v3 = 0,

3(1+¢) Apo 31+
P= (I( pledxlel = j‘ xldxlel

1+1) (1+t)2 1+4¢

Ap, |9a+? (1+)? (xi)
= e;=4A4p,e

(1+t)2[ 2 2 1 Po®1

The fact that P is also a constant is accidental. The given motion happens to be acceleration-
less, which corresponds to no net force acting on the material volume. In general, the linear
momentum for a fixed part of material is a function of time.

7.6 Principle of Linear Momentum

The global principle of linear momentum states that the total force (surface and body
forces) acting on any fixed part of material is equal to the rate of change of linear momentum
of the part. That is, with p denoting density, v velocity, t stress vector, and B body force per
unit mass, the principle states

D[ pav=[ tas+f pBav (76.1)
m SC VC
Now, by using Reynolds Transport Theorem, Eq. (7.4.1), Eq. (7.6.1) can be written as
(7.6.2)

[ us+] PV = SLav+[ pu(v-nyds
S, . v S,

[

In words, Eq. (7.6.2) states that

Total force exerted on a fixed part of a material instantaneously in a control volume V'

= time rate of change of total linear momentum inside the control volume + net outflux
of linear momentum through the control surface S..

Equation (7.6.2) is very useful for obtaining approximate results in many engineering
problems.

Using Eq. (7.4.2) (with T replaced by p v), Eq. (7.6.1) can also be written as

% vy v + [pvdiway = [ tas+[ pBav @
V. Ve Se Ve

<
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But
D . _Dp_ . Dv (ii)
P =Y tp Dt
and
Dp, .. _ (iii)
Di +pdivy = 0
Therefore, Eq. (i) becomes
[ o2 av = [ was+[ ppav (763)
Ve S, V.
Since
[ tds= [ Tnds = [ dvrav (iv)
V. V. v,
therefore, we have
(7.6.4)

Dv_ .. _
1{ (P, ~divT—pB)dV =0

<

from which the following field equation of motion is obtained:

Dv _ . (7.6.5)
Pp = divT+poB

This is the same equation as Eq. (4.7.2).

We can also obtain the equation of motion in the reference state as follows:

Let p,, , dS,, and dV,, denote the density, surface area and volume respectively at the
reference time ¢, for the differential material having p, dS and dV at timet , then the conser-
vation of mass principle gives

podV,=pdV (7.6.6)

and the definition of the stress vector t, associated with the first Piola-Kirchhoff stress tensor
gives [see Section 4.10]

t,dS, = tdS (7.6.7)

Now, using Eqs. (7.6.6) and (7.6.7) , Equation (7.6.3) can be transformed to the reference
configuration. That is

fV po%: Vo = [ 4,dSesf poBAV, = [ T, n,dS,+[ p,BdV,  (768)
o s 1 S, v,

[o] o o
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In the above equation, everything is a function of the material coordinates X; and¢, T , is the
first Piola-Kirchhoff stress tensor and n, is the unit outward normal. Using the divergence
theorem for the stress vector term, Eq. (7.6.8) becomes

Dv .
[ po o Yo = [ pivt, av,, [ p,Bav, (7.6.9)
V° Vo Vo
. . . . aTj;
where in Cartesian coordinates, DivT, = —=-.
%;
From Eq. (7.6.9) ,we obtain
Po % = DivT, +p,B (7.6.10)

This is the same equation derived in Chapter 4, Eq. (4.11.6).

Example 7.6.1

A homogeneous rope of total length / and total mass m slides down from the corner of a
smooth table. Find the motion of the rope and the tension at the corner.

Solution. Letx denote the portion of rope that has slid down the corner at time ¢. Then
the portion that remains on the table at time ¢ is /—x. Consider the control volume shown as
(V)1 in Figure 7.3. Then the momentum in the horizontal direction inside the control volume

at any time ¢ is, with x denoting dx /dt:

T0-x)

I-x ‘l
Ve - — —

|

I

| x

|
|
(Ve)2

Fig. 73
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and the net momentum outflux is
m.|-
=x|x
Thus, if T denotes the tension at the corner point of the rope at time ¢, we have

d

T=% [L;z-(l—x)i{' B e e M

ie.,
T =" (1~x) (i)

as expected.

On the other hand, by considering the control volume (V,), (see Fig. 7.3), we have, the

momentum in the downward direction is (m /I)xx and the momentum influx in the same
direction is [(m /Ix]x. Thus,

(oS3
i.e.,
—T+%xg = %xx (v)
From Egs. (ii) and (iv), we have
—(l -x)x= xg—%x x )
ie.,
X - ‘?x =0 (vi)
The general solution of Eq. (vi) is
x = Crexp[Vg /1t]+Crexp[ - Vg /1] (vii)

Thus, if the rope starts from rest with an initial overhang of x,,, we have
X =C1+Cp and 0=C1~-C; (viii)
so that Cy = C, = x,, /2 and the solution is

——[exp (Vg /) t+exp (—Vg /It) (ix)
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The tension at the corner is given by

T= ?(z—x)ié = %(z—x) (%c) *)

We note that the motion can also be obtained by considering the whole rope as a system. In
fact, the total linear momentum of the rope at any time ¢ is

%(l —x)ice1+-’;—2x;ce2 (xd)
its rate of change is
-0 i ey + e £+ )es (xii)
and the total resultant force on the rope is
m (xiii)

TxgeZ
Thus, equating the force to the rate of change of momentum for the whole rope, we obtain
(I-x)i—%* =0 (xiv)
and
xi+dt =g (xv)

Eliminating x* from the above two equations, we arrive at Eq. (vi) again.

Example 7.6.2

Figure 7.4 shows a steady jet of water impinging onto a curved vane in a tangential direction.
Neglect the effect of weight and assume that the flow at the upstream region, section A, as
well as at the downstream region, section B is a parallel flow with a uniform speed v,,. Find

the resultant force ( above that due to the atmospheric pressure) exerted on the vane by the
jet. The volume flow rate is Q.

Solution. Let us take as control volume that portion of the jet bounded by the planes at A
and B. Since the flow at A4 is assumed to be a parallel flow, therefore the stress vector on the
plane A is normal to the plane with a magnitude equal to the atmospheric pressure which we
take to be zero. [We recall that in the absence of gravity, the pressure is a constant along any
direction which is perpendicular to the direction of a parallel flow (See Section 6.7)]. Thus,
the only forces acting on the material in the control volume is that from the vane to the jet.
Let F be the resultant of these forces. Since the flow is steady, the rate of increase of momentum
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inside the control volume is zero. The rate of outflow of linear momentum across B is
pOv,(cosBe;+sinbey) and the rate of inflow of linear momentum across A is pOv,e;. Thus

F = pQ[v,(cosf—1)e;+v,sinfe;] @)
F, = —pQv,(1—cosb) (iia)
Fy, = pQv,sind (iib)

and the force components on the vane by the jet are equal and opposite to F, and F,.

e,

Fig. 7.4

Example 7.6.3

For boundary layer flow of water over a flat plate, if the velocity profile and that of the
‘horizontal components at the leading and the trailing edges of the plate respectively are
assumed to be those shown in Fig. 7.5, find the shear force acting on the fluid by the plate.
Assume that the flow is steady and that the pressure is uniform in the whole flow.

Solution. Consider the control volume ABCD. Since the pressure is assumed to be uniform
and since the flow outside of the boundary layer ¢ is essentially uniform in horizontal velocity
component in x direction with very small vertical velocity components (so that the shearing
stress on BC is negligible), therefore, the net force on the control volume is the shearing force
from the plate. Denoting this force (per unit width in z direction ) by Fe;, we have from the

momentum principle, Eq. (7.6.2)
F = net out flux of x -momentum through ABCD
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ie.,

o)
F= [ vi(ovn)dS = ~ [u(pu)dy+ [ a(pvy)ds +
S, 0 BC

o /- -
+f (%X) p (—‘-‘(,X) dy + [(0)as
0 AD

where u denotes the uniform horizontal velocity of the upstream flow and the uniform
component of velocity at the trailing edge , v{, and v, are the velocity components of the fluid

particles on the surface S, and d is the thickness of the boundary layer. Thus,

)

2 (ii)
F= —p?a+&‘;—"+a [ (pvp)ds
BC
1
L-I u
sfF—--- - c.
]
A = V,= Uy
Fig. 7.5
From the principle of conservation of mass, we have
s, _ 44 (iii)
f (pv)dS— f pudy+ f pyydy =0
BC 0 0
ie.,
Jipvoyis = pir- ~eud _pud @)

Thus,
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—. pu’s pud _ pu’d ™)
F=—puo+ + = —
3 2 6
That is, the force per unit width on the fluid by the plate is acting to the left with a magnitude
-2
of %6

7.7 Moving Frames

There are certain problems, for which the use of a control volume fixed with respect to a
frame moving relative to an inertial frame, is advantageous. For this purpose, we derive the
momentum principle valid for a frame moving relative to an inertial frame.

dm

Fig. 7.6

Let F1 and F, be two frames of references. Let r denote the position vector of a
differential massdm ina continuum relative to F; and let x denote the position vector relative
to F, (see Fig. 7.6). Then the velocity of dm relative to F; is

dr) _ (7.1)
(dt)pl =VF,

and the velocity relative to F, is
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(@),
=V
dt F, 2
Since
r=R,+x
thus,
&), - (%), @
dt F, dt F| dt F
ie.,

d
Vr, = (Vo)F, + (7’;) .
1

But, from a course in rigid body dynamics, we learned that for any vector b,
3,8,
F, F,

Where @ is the angular velocity of F, relative to F;. Thus,

dx) (dx)
| =|7| +exx= (V) +oxx
(dt F, dt F, 2

Therefore,
VE, = (VO)F1+VF2+(DXX

(1.72)

(773)

(ii)

(i)

(iv)

(7.14)

Now, the linear momentum relative to Fq is J v/.dm and that relative to Fp is | ve.dm.
1 Fy 2 Fy

These rates of change of linear momentum are related in the following way: (for simplicity,

we drop the subscript of the integral V,,, )

D D
8], e () tonine e

D D
= (ao)plfdlﬂ+ (B;) fVdem+ (E) (mxfxdm)
Fy Fy
Now, again, using Eq. (iii) for the vector f Vg, dm, we have

(gt) fv,.-zd = (%) vazdm+afovF2dm
Fy £

(7.7.5)
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and
(—g—t) (mxfxdm) (oxfxdm+mX( ) fxdm)
= u')xfxdm+mva1:2 dm+a)x(a)xfxdm) (vi)
Thus,
(Z)—t) (valdm) = (B;) va dm+(a,)F fdm+2wvaF2dm
+ax [ xdm+wx(a)x Jxdm) (7.7.6)

Now, let F; be an inertial frame so that the momentum principle reads

D (7.7.7)
(E)F valdm = ftdS+prdV
1
Using Eq. (7.7.6), the momentum principle [Eq. (7.7.7)] becomes
(—g;) J vrdm=[us+f pBav+
Fz Vm Sc Vc
[-ma,~2wX | vp dm—-dX | xdm—-wX(wX | xdm)] (7.7.8)
° 2

where m = f dm.

Equation (7.7.8) shows that when a moving frame is used to compute momentum and its
time rate of change, the same momentum principle for an inertial frame can be used provided
we add those terms given inside the bracket in the right-hand side of Eq. (7.7.8) to the surface
and body force terms.

7.8 Control Volume Fixed with respect to a Moving Frame

If a control volume is chosen to be fixed with respect to a frame of reference which moves
relative to an inertial frame with an acceleration a,, an angular velocity @ and angular

acceleration @, the momentum equation is given by Eq. (7.7.8). If we now use the Reynold’s
transport theorem for the left-hand side of Eq. (7.7.8) , we obtain

[ 5 ©ve)aV+ fove, (v, mids = [ tds+[ pBav +
V. S S Ve

¢ ¢ ¢

[-ma,~20X [vr.dm—oX [xdm-wx(@x [xim)] (7.8.1)
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In particular, if the control volume has only translation (acceleration = a,)with respect to the
inertial frame and no rotations, then we have

3
‘.[ PRV Sfpvpz(vpz-n)ds = fs tds+ fV pBdV —ma,, (7.82)

[ c ¢ ¢

Example 7.8.1

A rocket of initial total mass M, moves upward while ejecting a jet of gases at the rate of
y unit of mass per unit time. The exhaust velocity of the jet relative to the rocket is v, and the

gage pressure in the jet of area 4 is p. Derive the differential equation governing the motion
of the rocket and find the velocity as a function of time. Neglect drag forces.

L e B T T

Fig. 7.7

Solution. Let V, be a control volume which moves upward with the rocket. Then relative to
V,, the netx momentum outflux is —yv,. The motion of gases due to internal combustion does
not produce any net momentum change relative to the rocket, therefore, there is no rate of
change of momentum inside the control volume. The net surface force on the control volume
is an upward force of p4 and the body force is (M,—f)g downward. However, since the
Sontrol volume is moving with the rocket which has an acceleration x , therefore, the term
x(M—yt) is to be added to the other force terms [See Eq. (7.8.2)]. Thus,

—YVe =PA-(Mo_yt)g_(Mo_yt); ()
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ie.,
(M=) = yve+pA—(M,~ve)g (ii)
This equation can be written
. YetpA (ii)
dy = Myt dt—gadt
If att =0, x =0, then
. _wetpAd [ M, (iii)
X = 1 —-gt
Y M,—yt

7.9  Principle of Moment of Momentum

The global principle of moment of momentum states that the total moment about a fixed
point , of surface and body forces on a fixed part of material is equal to the time rate of change
of total moment of momentum of the part about the same point. That is,

[ xxpvaV = [(xxt)ds+ [x xpBdv (7.9.1)
Vm sc Vc

where x is the position vector for a particle.

Using the Reynold’s transport theorem, Eq. (7.4.2) , the left side of Eq. (7.9.1) becomes

Dy spvav = [ | 2 x xpv)+(x xpv)(divy) | av @
DtV v Dt
Since
D - Dp Dv__ _Dp Dy (ii)
—Dt(x XpV) =V Xpv+Xx X Dt v+x xP_Dt =X X Dt v+x Xp——Dt

therefore the integrand in Eq. (i) becomes

Dp . Dv _ Dv (iii)
X X ( D +pdiv v ) v+x X'D_—Dt X Xp—Dt
Thus
D - Dv @iv)
Di me XpvdV I_[ [x Xth ]dV

[

Also, from Example 7.2.2 of this chapter, we have
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faxxtys=[ [x x(divT)+2t“]dV ™

s V.

c 4
Therefore, Eq. (7.9.1) becomes

xx [ [p%—divT—pB]dV—z [ dav=0 (7.9.2)
V. v,

c c

where ¢! is the axial vector of the antisymmetric part of the stress tensor T. Now the first

term in Eq. (7.9.2) vanishes because of Eq. (7.6.5), therefore, ¢! = 0 and the symmetry of the
stress tensor

T=17 (7.9.4)

is obtained.

On the other hand, if we use the Reynold’s transport theorem, Eq. (7.4.1), for the left side
of Eq. (7.9.1), we obtain

f xXtdS+f xXpBdV = fa%(xxpv)dy.{.f (xXpv)(v-n)dS (7.9.4)
S, V. s
V.

c

c

That is, the total moment about a fixed point due to surface and body forces acting on the
material instantaneously inside a control volume = total rate of change of moment of
momenta inside the control volume + total net rate of outflow of moment of momenta across
the control surface

If the control volume is fixed in a moving frame, then the following terms should be added
to the left side of Eq. (7.9.4)

—(fxdm) Xao—fxx (a')XX)dm—fxx [@X (mXx)]dm—fox (wXxv)dm (7.9.5)
where @ and @ are absolute angular velocity and acceleration of the moving frame (and of the

control volume), the vector x of (dm) is measured from the arbitrary chosen point O in the
control volume, a,, is the absolute acceleration of point O and v is the velocity of (dm) relative

to the control volume.
Example 7.9.1

Each sprinkler arm in Fig. 7.8 discharges a constant volume of water Q and is free to rotate
around the vertical center axis. Determine its constant speed of rotation.
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e1
1 ]
b Vo .
: ,m\‘ 1 0
_________ N PR —
! fo fo
Fig. 7.8

Solution. Let V. be a control volume that rotates with the sprinkler arms. The velocity of
water particles relative to the sprinkler is () /A4)e, inside the right arm and (Q /4)(—e;) inside
the left arm. If p is density, then the total net outflux of moment of momentum about point
O is 2pQ(Q /A)sinér,es. The moment of momentum about O due to weight is zero. Since the
pressure in the water jet is the same as the atmospheric pressure, taken to be zero gage
pressure, there is no contribution due to surface force on the control volume. Now, since the
control volume is rotating with the sprinkler, therefore, we need to add those terms given in
Eq. (7.9.5) to the moment of forces. With x measured from O, the first term of Eq. (7.9.5) is
zero, with @ a constant, the second term of Eq. (7.9.5) is zero, with x=xe; and ® = we;, the

third term of Eq. (7.9.5) is zero. Thus, the only nonzero term is
—2fx>< (@Xv)dm ()

which is the moment due to the Coriolis forces. Now, for the right arm, v = (Q /4)ey,
therefore,

W ii
mXV=we3x%e1 =7Qe2 ( )
and
XX (@XY) = xe1X7Qe2 - EQ% (iii).

Thus, the contribution from the fluid in the right arm to the integral in Eq. (i) is

(iv)

"0
- AQe3 { x(pAdx) = -—a)Qpr(z,e:;
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Including that due to the left arm, the integral has the value of —-2(0Qpr(2,e3. Therefore, from
the moment of momentum principle for a moving control volume, we have

200 (%) sinfr, = —2wQpr’ )

from which

_ _Qsind (vi)
T Ar,

7.10 Principle of Conservation of Energy

The principle of conservation of energy states that the time rate of change of the kinetic
energy and internal energy for a fixed part of material is equal to the sum of the rate of work
done by the surface and body forces and the heat energy entering the boundary surface. That

is, if v2 denotes v-v, u the internal energy per unit mass, and q the rate of heat flow vector
across a unit area, then the principle states:

2
D [ %+puyav = [t-vas+[ pB-vdv—-[ q'nds (7.10.1)
Dty P2 5, 7 s,

the minus sign in the last termis due to the convention that n is an outward unit normal vector
and therefore —q-n represents inflow.

Again, using the Reynold’s transport theorem Eq. (7.4.2), we have

D 1o iy = 2 psiysporayiive |av
Drp P2 D Pl TP

2 2 2 i
0 L0 e e o R _ (.2 @
_I{ [th ) +pd1vv)]dV—£ [th(z +u)]dV
In Example 7.2.3 we obtained that
ft-vas = [i(divT)-v + tr (TTWv )]V (ii)
SC VC
Also, the divergence theorem gives
fq-nds = [divqav (iii)

S v

c c

Thus, using Egs. (i)(ii) and (iii), Eq. (7.10.1) becomes
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2
[ o2\ % vu|av = [ ((@ivT+pB) v+ix(TTVv) - diveldV (7.102)
2 Dt|2 v
Since
2 .
. Dv__1Dv (iv)
(divT+pB)'v=p Y =D
Therefore, Eq. (7.10.2) becomes
[ 024y = [ [e(179v)—div q ¥ \
Dt
VC VL‘
Thus, at every point, we have
o2 = (TTV)—div g (7.10.32)
Dt
For a symmetry tensor T, this equation can also be written
(7.10.3b)

Du .
PDr = tr(TVv)—div q

Equations (7.10.3a) or (7.10.3b) is the energy equation. A slightly different form of
Eq. (7.10.3b) can be obtained if we recall that Vv = D+W, where D, the symmetric part of
Vv is the rate of deformation tensor, and W, the antisymmetric part of Vv, is the spin tensor.
We have

tr(TV¥) = tr(TD+TW) = tr(TD)+tr(TW) (vi)
But tr(TW) = T,]I'VJ, = T}iI’Vﬁ = T,]I'V,] = —T,]I’V], , so that
tr(TW) = 0 (vii)

therefore, we rediscover the energy equation in the following form:

p%lti = tr(TD)—divq (7.10.4)

On the other hand, if we use the Reynold’s theorem in the form of Eq. (7.4.1), we obtain

2 2
fevas+f pBvav-{ qnds=[2 pLrwyav+[ p&+u)v-myds (105)
S Vv, Se 1% a2 14 2

c m m m

Equation (10.5) states that the time rate of work done by surface and body forces in a control
volume + rate of heat input = total rate of increase of internal and Kkinetic energy of the
material inside the control volume + rate of outflow of the internal and kinetic energy across
the control surface
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Example 7.10.1

A supersonic one-dimensional flow in an insulating duct suffers a normal compression
shock. Assuming ideal gas, find the pressure after the shock in terms of the pressure and
velocity before the shock.

P2, p2.V3

\

Pr. PV

I'__""_I

Solution For the control volume shown, we have, for steady flow:
(1) Mass outflux = mass influx, that is
p1AvI=prAvy (i)
ie.,
P1V1=p2V2 (ii)
(2) Force in x direction = net momentum outflux inx direction
P14 —prA = (prAv)va—(P1Avi) (iif)
ie.,
®1-P2) =P2vh - P1V] ()

(3) Rate of work done by surface force = net energy (internal and kinetic) outflux. That is

1 2 1 2 v
P1Av1 —prA vy = [(p2Av2 Ju—(p1AviJusl + [E(PzA va vy — 5(P1A vy )VI] )
For ideal gas, the internal energy per unit mass is given by, [see Eq. (6.26.10)]
p{ 1 (vi)
“Zp (y - 1)

where y = ¢, /¢, is the ratio of specific heats. Thus, Eq. (v) becomes
P v
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_ _ 1 1 1 3 (vii)
D1v1—DPv2 = pV2 y— 1 P\, 1 y — 2P2V2 2P1V1
Or,
4 + y + (viii)
y — P 2P1V1 v — 1922 2P2V2
that is
y p112]_ y P2 12 (ix)
P1V1 [y -1 p1+2V1] [2)%) [y 172 +§V2
In view of Eq. (ii), this equation becomes
y P1.12 y P2+12 (x)

y-1p 21"y —1p

We note here that this is the same energy equation derived in Chapter 6 (Example 6.28.1)
using differential forms of energy equation for an inviscid nonheat-conducting fluid. From
Egs. (ii)(iv) and (x) we obtain

p2= gl - (v~ Dpa) ¢
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PROBLEMS

7.1. Verify the divergence theorem for the vector field v = 2ve; + z e; , by considering the
regionboundedbyx=0,x=2,y=0,y=2,2=0,2=2.

7.2. Show that

[ xnds =3V
S

where Vis the volume enclosed by the boundary S.

7.3. (a) Consider the vector field v = pa, where ¢ is a given scalar field and a is an arbitrary
constant vector (independent of position). Using the divergence theorem, prove that

f VgodV=f<pndS
v S

(b) Show that for any closed surface S that
fnas=0
S

7.4. A stress field T is in equilibrium with a body force pB. Using the divergence theorem,
show that for any volume V, and boundary surface S, that

ftas+ [pBav=0
S 14
That is, the total resultant force is equipollent to zero.

7.5. Let u* define an infinitesimal strain field E * = %(Vu' + (vu)T) and let T** be in

equilibrium with a body force p B** and a surface traction t**. Using the divergence theorem,
verify the identity (theorem of virtual work )

ft* -utas+ [ pB*-w'dv = [ T}'Ezav
S | 4 1 4
7.6. Using the equations of motion and the divergence theorem, verify the following rate of
work identity
2
v

> |av + [ TyDyav

14

[oBvav+ [tvas=[p2
1% s y Dt

7.7. Consider the velocity and density fields

= _ —~t
v=xie;, p=poe

(a) Check the equation of mass conservation.

(b) Compute the mass and rate of increase of mass in the cylindrical control volume of
cross-section 4 and bounded byx; = 0 andx; = 3.



Integral Formulation of General Principles 459

(c) Compute the net mass inflow into the control volume of part (b). Does the net mass inflow
equal the rate of mass increase?

7.8. (a) Check that the motion
x1=X167%, =X, x;=X;
corresponds to the velocity field of Prob. 7.7.
(b) For a density fieldp = p,, et h), verify that the mass contained in the material volume
that was coincident with the control volume of Prob. 7.7 at time ¢, , remain a constant,

(c) Compute the total linear momentum for the material volume of part (b).

7.9. Do Problem 7.7 for the velocity field v = x; e; and the density field p = g‘l and for the
1

cylindrical control volume bounded byx, = 1and x; = 3.
7.10. The center of mass X, ,,, of a material volume is defined by the equation

mX; =f xpdV, wherem = fpdV
. Vi Vin
Demonstrate that the linear momentum principle may be written in the form
{ tds + [ pBaV = ma,,,
S V.

[ c

where a_, is the acceleration of the mass center.

7.11. Consider the following velocity field and density field

X1
v — =
1+¢ 1+t
(a) Compute the total linear momentum and rate of increase of linear momentum in a
cylindrical control volume of cross-sectional area 4 and bounded by the plane x; = 1 and
X1 = 3.

€, P

(b) Compute the net rate of outflow of linear momentum from the control volume of part (a).
(c) Compute the total force on the material in the control volume.

(d) Compute the total kinetic energy and rate of increase of kinetic energy for the control
volume of part (a).

(e) Compute the net rate of outflow of kinetic energy from the control volume.
7.12. Consider the velocity and density fields

—t
v=xie;, p=pe

For an arbitrary time ¢, consider the material contained in the cylindrical control volume
bounded by x; = 0 and x; = 3.
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(a) Determine the linear momentum and rate of increase of linear momentum in this control
volume.

(b) Determine the outflux of linear momentum.

(c) Determine the net resultant force that is acting on the material contained in the control
volume.

7.13. Do Problem 7.12 for the same velocity field, with p = g‘l and the cylindrical control
1

volume bounded byx; = 1and x; = 3.

7.14. Consider the flow field v = xe; — ye, with p = constant. For a control volume defined
by x=0,x=2,y=0,y=2;z=0,z=2determine the net resultant force and couple that
is acting on the material contained in this volume.

7.15. Do Problem 7.14 for the control volume definedby x =2,y =2,xy=2,2=0,z=2.

7.16. For Hagen-Poiseuille flow in a pipe
v= C(r,z, _— Jeq

calculate the momentum flux across a cross-section. For the same flow rate, if the velocity is
assumed to be uniform, what is the momentum flux across a cross section ? Compare the two
results.

7.17. A pile of chain on a table falls through a hole from the table under the action of gravity.
Derive the differential equation governing the hanging length x.
7.18. A water jet of S cm. diameter moves at 12 m/sec, impinges on a curved vane which deflects

it 60° from its direction. Neglect the weight. Obtain the force exerted by the liquid on the
vane.

7.19. A horizontal pipeline of 10 ¢cm. diameter bends through 90°, and while bending, changes
its diameter to 5 cm. The pressure in the 10 cm. pipe is 140 kPa. Estimate the resultant force
on the bends when 0.05 m™/sec of water is flowing in the pipeline.

7.20. Figure P7.1 shows a steady water jet of area 4 impinging onto the flat wall. Find the
force exerted on the wall. Neglect weight and viscosity of water.

7.21. Frequently in open channel flow, a high speed flow “jumps” to a low speed flow with an
abrupt rise in the water surface. This is known as a hydraulic jump. Referring to Fig.P7.2, if
the flow rate is Q per unit width, find the relation betweeny; and y,. Assume the flow before

and after the jump is uniform and the pressure distribution is hydrostatic.

7.22.If the curved vane of Example. 7.6.2 moves with a velocity v<v,, in the same direction as
the oncoming jet, find the resultant force exerted on the vane by the jet.

7.23. For the half-arm sprinkler shown in Fig.P7.3, find the angular speed if 0 = 0.566 m>/sec.
Neglect friction.
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7.24, The tank car shown in Fig.P7.4 contains water and compressed air which is regulated to
force a water jet out of the nozzle at a constant rate of Q m?>/s. The diameter of the jetisdcm.
the initial total mass of the tank car is M,,. Neglecting frictional forces, find the velocity of the
car as a function of time.

Ve

NS

FighP7.1 Fig.P7.2

a=2‘54 em \

' q
1.83 m——]

Fig.P7.3 Fig.P7.4




