Non-Newtonian Fluids

In Chapter 6, the linear viscous fluid was discussed as an example of a constitutive equation
of an idealized fluid. The mechanical behavior of many real fluids appears to be adequately
described under a wide range of circumstances by this constitutive equation which is referred
to as the constitutive equation of a Newtonian fluid. Many other real fluids exhibit behaviors
which are not accounted for by the theory of Newtonian fluid. Examples of such substances
include polymeric solutions, paints, molasses, etc.

For asteady unidirectional laminar flow of water in a circular pipe, the theory of Newtonian
fluid gives the experimentally confirmed result that the volume discharge Q is proportional to
the (constant) pressure gradient in the axial direction and to the fourth power of the diameter
d of the pipe, that is [see Eq. (6.13.6)]

ndt (8.0.1)

_od |dp
Q‘lzau

dx

However, for many polymeric solutions, it was observed that the above equation does not hold.
For a fixed d, the Q versus |dp/dx| relation is nonlinear as sketched in Fig. 8.1.

Fig. 8.1
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For a steady laminar flow of water placed between two very long coaxial cylinders of radii
riand ry, if the inner cylinder is at rest while the outer one is rotating with an angular velocity
Q, the theory of Newtonian fluid gives the result agreeing with experimental observations that
the torque per unit height which must be applied to the cylinders to maintain the flow is
proportional to €. In fact [see Eq. (6.15.5)]

_ Mﬂr%r%g (8.0.2)

2 2
rn—r;

However, for those fluids which do not obey Eq. (8.0.1), it is found that they do not obey
Eq. (8.0.2) either. Furthermore, for water in this flow, the normal stress exerted on the outer
cylinder is always larger than that on the inner cylinder due to the effect of centrifugal forces.
However, for those fluids which do not obey Eq. (8.0.1), the compressive normal stress on the
inner cylinder can be larger than that on the outer cylinder. Fig. 8.2 is a schematic diagram
showing a higher fluid level in the center tube than in the outer tube for a non-Newtonian fluid
in spite of the centrifugal forces due to the rotations of the cylinders. Other manifestations of
the non-Newtonian behaviors include the ability of the fluids to store elastic energy and the
occurrence of non-zero stress relaxation time when the fluid is suddenly given a constant shear
deformation. (For Newtonian fluids, relaxation is instantaneous).

Fig. 8.2
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In this chapter, we shall discuss several special constitutive equations and one general one
which define idealized viscoelastic fluids exhibiting various characteristics of Non-Newtonian
behaviors.

Part A Linear Viscoelastic Fiuid

8.1 Linear Maxwell Fluid

The linear Maxwell fluid is defined by the following constitutive equation:

T=-pl+7 (8.1.1a)
£+ A%t; = 2uD (8.1.1b)

where —pl is the isotropic pressure which is constitutively indeterminate due to the incom-
pressibility property of the fluid, 7 is called the “extra stress” which is related to the rate of
deformation D by Eq. (8.1.1b).

In the following example, we show, with the help of a mechanical analogy, that the linear
Maxwell fluid possesses elasticity.

Example 8.1.1

Figure 8.3 shows the so-called linear Maxwell element which consists of a spring (an elastic
element) with spring constant G, connected in series to a viscous dashpot (viscous element)
with a damping coefficient 7. The elongation (or strain) of the Maxwell element can be divided
into an elastic portion €, and a viscous portion ¢,, i.e.,

E=¢g, +&, (i)

Fig. 8.3
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Since the spring and the dashpot are connected in series, the force 7 in each is the same
(inertia effects are neglected). That is

de, (i1)
T=Ge, =1 7
Thus,
deg _ 1dr (iii)
adt Gt
and
de, 1 (iv)
a1

Taking time derivative of Eq. (i) and using Eqs. (iii) and (iv), we obtain the relation between
the rate of strain of the Maxwell element with the force 7 as follows:

de 1ldr 1 (8.1.2)
I Gd n°
or
dar _ de (8.1.3)
T+A & n 2t
where
-1 (8.1.4)
4 G

has the dimension of time, the physical meaning of which will be discussed below. Equation
(8.1.3) is of the same form as Eq. (8.1.1b). Indeed both D and d e/dt (in the right side of these
equations) describe rates of deformation. (We note that in a simple shearing flow in the xy
plane, the rate of change of shearing strain is given by 2D, ). Thus, by analogy, we see that the
constitutive equation, Eq. (8.1.1b) endows the fluid with “elasticity” through the term Adr/d¢
with an equivalent elastic modulus G given by Eq. (8.1.4).

Let us consider the following experiment performed on the Maxwell element: Starting at
time ¢ =0, a constant force 7,, is applied to the element. We are interested in how, for ¢> 0, the

strain changes with time. This is the so-called creep experiment. From Eq. (8.1.3), we have,
since dv/dt = 0, fort > 0,

7, fort>0 \

&.|&
NS
=

which yields
(vi)

=ﬁo—t+£o
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The integration constant €, is the instantaneous strain £ of the element at ¢ = 0+ from the
elastic response of the spring and is therefore given by 7,/G. Thus

%, , % (8.1.5)
E=—t+—
n G
We see from Eq. (8.1.5) that under the action of a constant force 7,, in creep experiment, the
strain of the Maxwell element first has an instantaneous jump from 0 to 7,/G and then
continues to increase with time ( i.e. flow ) without limit.

We note that there is no contribution to the instantaneous strain from the dashpot because,
with d e/dt—~ , an infinitely large force is required for the dashpot to do that. On the other
hand, there is no contribution to the rate of elongation from the spring because the elastic
response is a constant under a constant load.

We may write Eq. (8.1.5) as

; (8.1.6)

Ql=

t+

=

£ _
To

The function J (¢) gives the creep history per unit force. It is known as the creep compliance
function for the linear Maxwell element.
In another experiment, the Maxwell element is given a strain £, at +=0 which is then

maintained at all time. We are interested in how the force 7 changes with time. This is the
so-called stress relaxation experiment. From Eq. (8.1.3), with d e/dt = 0, for ¢> 0, we have

r+1%% 9 fort > 0 (vit)
dt
which yields
r=1,e (viii)

The integration constant 7,, is the instantaneous elastic force which is required to produce the
strain €, att = 0. Thatis, r, = G ¢,. Thus,

t=Geye (8.1.7)

Eq. (8.1.7) is the force history for the stress relaxation experiment for the Maxwell element.
We may write Eq. (8.1.7) as
=L _gtA Nt/ (8.1.8)
16)) z; Ge 7€

The function ¢(¢) gives the stress history per unit strain. It is called the stress relaxation
function, and the constant A is known as the relaxation time which is the time for the force to
relax to 1/e of the initial value of z.
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It is interesting to consider the limiting cases of the Maxwell element. If G = «, then the
spring element becomes a rigid bar and the element no longer possesses elasticity. That is, it
is a purely viscous element. In creep experiment, there will be no instantaneous elongation,
the element simply creeps linearly with time (see Eq. (8.1.6)) from the unstretched initial
position. In the stress relaxation experiment, an infinitely large force is needed at t =0 to
produce the finite jump in elongation (from 0 to 1). The force however is instantaneously
returned to zero (i.e., the relaxation time A = #/G —=0). We can write the relaxation function
for the purely viscous element in the following way

T = n0(t) viscous element only (8.1.9)

where 6(¢) is known as the Dirac delta function which may be defined to be the derivative of
the unit step function H(¢) defined by:

H(t) = {(I) -5::::09 (8.1.10)
Thus,
5 = g%g (8.1.11)
and

ft eyt = H) (8.1.12)

Example 8.1.2
Consider a linear Maxwell fluid, defined by Eq. (8.1.1), in steady simple shearing flow:
v1=kx2, v2=V3=0 (l)

Find the stress components.
Solution. Since the given velocity field is steady, all field variables are independent of time.
Thus, %:— = 0 and we have

T =2uD (i)

Thus, the stress field is exactly the same as that of a Newtonian incompressible fluid and the
viscosity is independent of the rate of shear for this fluid.
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Example 8.1.3

For a Maxwell fluid, consider the stress relaxation experiment with the displacement field
given by

ur =g Htyxy, up=u3z3=0 (1)
where H(t) is the unit step function defined in Eq. (8.1.10). Neglect inertia effects,
(i) obtain the components of the rate of deformation tensor.
(ii) obtain ryp at ¢t = 0.
(iii) obtain the history of the shear stress 71, .
Solution. Differentiate Eq. (i) with respect to time, we get
V1 =¢£,0(thz, v2=v3=0 (i)
where d(¢) is the Dirac delta function defined in Eq. (8.1.11). The only non-zero rate of
€0 9(t)

2
Maxwell fluid, Eq. (8.1.1b), we obtain

deformation component is D1; = . Thus, from the constitutive equation for the linear

dr jii
T+ A = 4 O() i
t
Integrating the above equation from t=0—¢ to t=0+¢, we have
ote o+te (iV)
[ ripdt +,1f -dt—dt =ue, [ O()de
o—¢ 0—¢ o0—¢

The integral on the right side of the above equation is equal to 1 [see Eq. (8.1.12)]. As e~0,
the first integral on the left side of the above equation approaches zero whereas the second
integral becomes:

4 [712(0+)—712 (0-)] V)
Thus, since 712(0—) = 0, from Eq. (iv), we have
HE
112(0+) = 5~

For¢t> 0, 6(¢)=0so that Eq. (iii) becomes

dr vi
112+A 2_0 >0 v

. . . s . By,
The solution of the above equation with the initial condition 7,5(0+) = _Ig is
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T12 _u /2 (8.1.13)
T A€

This is the same relaxation function which we obtained for the spring-dashpot model in
Eq.(8.1.7). In arriving at Eq. (8.1.7), we made use of the initial condition 7y = G &,, which was

obtained from considerations of the responses of the elastic element. Here in the present
example, the initial condition is obtained by integrating the differential equation, Eq. (iii), over
an infinitesimal time interval (from¢#=0— to = 0+). By comparing Eq. (8.1.13) here with Eq.

(8.1.8) of the mechanical model, we see that g— is the equivalent of the spring constant G of the
mechanical model. It gives a measure of the elasticity of the linear Maxwell fluid.

Example 8.1.4

A linear Maxwell fluid is confined between two infinitely large parallel plates. The bottom
plate is fixed. The top plate undergoes a one-dimensional oscillation of small amplitude u,, in

its own plane. Neglect the inertia effects, find the response of the shear stress.
Solution. The boundary conditions for the displacement components may be written:

Aty=h:  u,=u,e”, uy =, =0 )

Aty=0: u=uy=u,=0 (ii)

where i = V=1 and ¢ = coswt + i sinwt. We may take the real part of u, to correspond to
our physical problem. That is, in the physical problem, u, = u,coswt.
Consider the following displacement field:

u(y) = uoeiwt (%) , U= up= 0 (iii)

Clearly, this displacement field satisfies the boundary conditions (i) and (ii). The velocity field
corresponding to Eq. (iii) is given by:

. i iii
vl(y) = za)uoe'w' (‘;::‘) y W=V = 0 (iif)
Thus, the components of the rate of deformation tensor D are:
Dy = 50 u™ (%) and all other D;; = 0 )

This is a homogeneous field and it corresponds to a homogeneous stress field. In the absence
of inertia forces, every homogeneous stress field satisfies all the momentum equations and is
therefore a physically acceptable solution. Let the homogeneous stress component 71, be

given by



470 Linear Maxwell Fluid

T1 = 78 ®)

We wish to obtain the complex number t,. Substituting 74, = roeiw' into the constitutive
equation for 79y:

dr U, | ; vi
112+l—?dt12-=2{zD12 =uiw (f)e’wt (v
one obtains
To __pio  _ Juw? Y (vii)
) (+4o) (14220%) 1+4202)
h
T
The ratio —2— =G" is known as the complex shear modulus, which can be written as
0
h
G" = G'(w) +iG " (w) (8.1.14a)
The real part of this complex modulus is
, /1#(02 (8.1.14b)
(1 + 1%0?)
and the imaginary part is
G' = Ko (8.1.14C)
(1 + 120?)
If we write éf— as G, the spring constant in the spring-dashpot model, we have
. yzsz (viiia)
(6" +u'w?)
and
2 (viiib)
(G" +p'w)

We note that as limiting cases of the Maxwell model , a purely elastic element has > so
that G'=G and G'' =0 and a purely viscous element has G—»» so that
G'=0and G'' =puw. Thus, G' characterizes the extent of elasticity of the fluid which is
capable of storing elastic energy whereas G '* characterizes the extent of loss of energy due to
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viscous dissipation of the fluid. Thus, G’ is called the storage modulus and G ' is called the
loss modulus.

writing
G'=G'+iG" = |G"|? (8.1.15a)
where
IG*| = (G 2,6 ,,2)1/2 (8.1.15b)
and
tand = Cé_ (8.1.15¢)
we have,
G*eiwt = lG* lei(wt + 6) (IX)

Therefore, taking the real part of Eq. (v), we obtain, with Eq. (ix)

. 2 ®)
712 = |G | cos(wt + J) (7)

Thus, for a Maxwell fluid, the shear stress response in a sinusoidal oscillatory experiment under
the condition that the inertia effects are negligible is

u w -11 (XI)
Ty =T1y = (—h'l) V—Gll:zzw—z)—cos(wt + tan~'55)

The angle J is known as the phase angle. For a purely elastic material in a sinusoidally
oscillation, the stress and the strain are oscillating in the same phase ( 4 = 0 ) whereas for a

purely viscous fluid, the stress is 90° ahead of the strain.

8.2 Generalized Linear Maxwell Fluid with Discrete Relaxation Spectra

A linear Maxwell fluid with N discrete relaxation spectra is defined by the following
comnstitutive equation:

N (8.2.1a)

where
(8.2.1b)
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The mechanical analog for this constitutive equation may be represented by N Maxwell
elements connected in parallel. The shear relaxation function is the sum of the N relaxation
functions each with a different relaxation time 4,,:

X /A
PO =D 7

1

(82.2)

It can be shown that Eqs. (8.2.1) is equivalent to the following constitutive equation

N o N-1 .n (8.2.3)
dzT aD
t+§a,,——an=boD+Ebn "

1 t 1 ot

We demonstrate this equivalence for the case of N = 2 as follows: When N = 2,

T=% +75 (8.24a)
and
or or.
77 + ll’a_tl =2uD and 7, + 12—31_2- = 2u,D (8.2.4b)
Thus
A+ =22 2,22 1 25 0 % D= + 1y )
1+ A2)5 = Ay, Y 2% T3 1ty 1 +%
i o I 9% )
+/12 ot +/11 at = (2{l1+2{l2)D—‘¢' +A,2 ot +11 ot
and
2 2 (ll)
T _ 7y 7y L
M 12;; =4 a—t2+ M lza—tz =20an1 + i) — Aoy, — A
Adding Egs. (i) and (ii), we obtain
)
o o oD (iii)
v+ (A g+ A Ay = 2y + p)D + 20gpy + A o)
Let
ay = Ay + 4y a3 = AiAg, by = 2(u1 + 3 ), and by = 2(Aguq + A3 ) (iv)
we have

2
4D
v ta azgt—; = by D + by (82.5)
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In the above equation, if a, = 0, the equation is sometimes called the Jeffrey’s model.

8.3 Integral Form of the Linear Maxwell Fluid and of the Generalized Linear
Maxwell Fluid with Discrete Relaxation Spectra

Consider the following integral form of constitutive equation:

8.3.1
T =2ft¢(t—-t’)D(t "Ydt ' (83.12)

where
o(f) = ;{_ e—t/A (8.3.1b)

is the shear relaxation function for the linear Maxwell fluid defined by Eq. (8.1.1b). If we
differentiate Eq. (8.3.1) with respect to time ¢, we obtain (note that { appears in both the
integrand and the integration limit, we need to use the Leibnitz rule of differentiation)

z-% { / :5 ) exp[—(t—t ')A DG Yt * + D(t)
) o2 0
That is,
¢ +2% =D (8.1.1b)

Thus, the integral form constitutive equation, Eqgs. (8.3.1) is the same as the rate form
constitutive equation, Eq. (8.1.1b). Of course, Eq. (8.3.1) is nothing but the solution of the
linear non-homogeneous ordinary differential equation, Eq. (8.1.1b). [See Prob. 8.6]

It is not difficult to show that the constitutive equation for the generalized linear Maxwell
equation with N discrete relaxation spectra, Eq. (8.2.1) is equivalent to the following integral
form

t N 83.2)
r=2f Y ’1—”: expl—(t—t 'Y/A, | D(t ")t ’
-
We may write the above equation in the following form:
(8.3.3)

{
v =2 ¢@t—t")D(t")at’

where the shear relaxation function ¢(¢) is given by



474 Generalized Linear Maxwell Fluid with a Continuous Relaxation Spectrum.

¢=§/‘n e—t/ln (834)
4 Tn ot

8.4 Generalized Linear Maxwell Fluid with a Continuous Relaxation Spectrum.

The linear Maxwell fluid with a continuous relaxation spectrum is defined by the constitu-
tive equation:

{
v =2 ¢(t—t")D(t ")dt’ (84.1)

where the relaxation function ¢(f) is given by
o) =f I;Ig'le“/ld i (8.4.2a)
o

The function H(A)/A is the relaxation spectrum. Eq. (8.4.2a) can also be written

o) = wa(A) e dind (8.4.2b)

As we shall see later that the linear Maxwell models considered so far are physically
acceptable models only if the motion is such that the components of the relative deformation
gradient (i.e., deformation gradient measured from the configuration at the current time ¢, see
Section 8.5 ) are small. When this is the case, the components of rate of deformation tensor
D are also small so that [see Eq. (v), Example 5.2.1]

JE
ot e -4.
D= ‘ (8 3)

where E is the infinitesimal strain measured with respect to the current configuration.
Substituting the above approximation in Eq. (8.4.1) and integrating the right hand side by parts,
we obtain

T —2f P(t—t )at dt' = 2g(¢~t E(t )|_m_2f E(t )_ﬂt_t_l (84.4)

The first term in the right hand side is zero because ¢(%) = 0 for a fluid and E(¢)=0 because
the deformation is measured relative to the configuration at time t. Thus,

t
dp(t=t") o n s 4.
T =—2££t~,)-E(t )t (8.4.5)

Or, letting t—t "= 5, we can write the above equation as
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r=2 f:%ﬂli(t—s)ds (8.4.6)
Let
d‘l’d?) = f(s) (8.4.7)
we can write Eq. (8.4.6) as
T =2 f:f(s)E(t—s)ds (8.4.82)
or
r =2 f_ t Se—t VB e (8.4.8b)

The above equation is the integral form of constitutive equation for the linear Maxwell fluid
written in terms of the infinitesimal strain tensor E (instead of the rate of deformation tensor
D). The function f(s) in this equation is known as the memory function. The relation between
the memory function and the relaxation function is given by Eq. (8.4.7).

The constitutive equation given in Eq. (8.4.8) can be viewed as the superposition of all the
stresses, weighted by the memory functionf(s), caused by the deformation of the fluid particle
(relative to the current time) at all the past time (¢ '=-— o to the current time f).

For the linear Maxwell fluid with one relaxation time, the memory function is given by

_d _d —s/A\ _ _ M _—s/2
fi8)=796) = a;(%e ) =T (84.9)
- For the linear Maxwell fluid with discrete relaxation spectra, the memory function is:
XN o
—__ N _—§
f)==, i (8.4.10)
1 4N

and for the Maxwell fluid with a continuous spectrum

f&)=— ﬂlz'ge“/ ‘4 (8.4.11)



476 Current Configuration as Reference Configuration

Part B Nonlinear Viscoelastic Fluid

8.5 Current Configuration as Reference Configuration

Let x be the position vector of a particle at current time ¢, and let x’ be the position vector
of the same particle at time 7. Then the equation

X =x,(x7) with x=x'(x¢) (85.1)

defines the motion of a continuum using the current time ¢ as the reference time. The
subscript ¢ in the function X/,(x, v) indicates that the current ¢ is the reference time and as such

x',(x, 7) is also a function of ¢

For a given velocity field v = v(x, £), the velocity at the position x' at time 7 is v = v(x/, 7).
On the other hand, for a particular particle (i.e., for fixed xand ¢ ), the velocity at time 7 is given
x’
by (—37‘ . Thus,

’ ax', (85.2)
v(X,7) = |57
Equation (8.5.2) allows one to obtain the pathline equations from a given velocity field, using
the current time ¢ as the reference time.
Example 8.5.1
Given the velocity field of the steady unidirectional flow
vi=v(xp), 12=0,v3=0 (i)

describe the motion of the particles by using the current time ¢ as the reference time.

Solution. From the given velocity field, we have, the velocity components at the position
(x1',x3',x3") at time z:

vi=v(xy'), v2=0, v3=0 (ii)
Thus, with X' = x’;¢;, Eq. (8.5.2) gives

axy’ . ox axs’ (iif)
T =ve) G =0 =0

L3

ax2
From & = 0, we have
X2' = f(xl! X2, X3, t)
But, at 7 = t,x;' = x, therefore, for all ¢

X' =xp (iv)
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Similarly, for all
X3' =X3 (V)
Since xp’ =x, for all 7, therefore, from Eq. (ii)

axy
5 = Vi)

Thus
xll = v(x2)1+g(x1’ X2, X3, t)
AtT =t, x;" = x1, therefore

x1 = v(xp)t+g(x1, x2, X3, )

from which
glxq, x2,x3, £) = x1—v(a)t
and
x1" = v{x)THxy —v(xt (vi)

Thus,

x1" = x1+Hv(e)(T—1)

X' =x

x3' =x3

8.6 Relative Deformation Gradient

Let dx and dx’ be the differential vectors representing the same material element at time
t and 7, respectively. Then they are related by

dx' = x'(x+dx7)—x (x7) = (VX' )dx @)
That is
dx' = Fdx (8.6.1)
The tensor
F, = Vx|, (8.6.2)

is known as the relative deformation gradient. Here, the adjective “relative ” indicates that
the deformation gradient is relative to the configuration at the current time. We note that for
T =t,dx’ = dxso that

F,(0)=1 (8.6.3)

In rectangular Cartesian coordinates,
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raxl' ax’l axl'w
an e
& ¥y (864)
dx; dxy dx3

6x3' 6x3' ax3’

[F] = [Vx] =

ox 1 BX2 GX3

In cylindrical coordinates, with pathline equations given by
r=r6,z27), 6 =0002z:7), 2 =2'(r,0,z,7) (8.6.5)

the two point components of F;, with respect to (e’,, e'g, e',) at time 7 and (e, ey, ;) at the

current time ¢ are given by the matrix

[or 17 o
ar rdéd g

r'eé’ r'a@ r'af’

Fl=|=>" 760 & (8.6.6)
& léz' a2
or roao dz

L E er7e69ezser':e8'yez,
In spherical coordinates, with pathline equations given by
r=rr6e¢r), 0=000¢71), ¢'=9¢'(r,0,¢,7) (86.7)

the two point components of F,, with respect to (e',, €', ') at time 7 and (e, €y, ey) at the
current time ¢ are given by the matrix

[ ar ior ar' ]
or rad rsinfog
r'ad’ r' a6’ r'a6’
= 8.6.8
¥ or r 86  rsinfag (868)
r'sinf’dg’ r'sinfd’'ogp’ az'
| o rab rsinfdg Jenepepe, s ey

8.7 Relative Deformation Tensors

The descriptions of the relative deformation tensors (using the current time ¢ as reference
time) are similar to those of the deformation tensors using a fixed reference time. [See
Chapter 3, Section 3. 18 to 3.29]. Indeed by polar decomposition theorem (Section 3.21)

F,=R U = V,R, (8.7.1)

where U; and V; are relative right and left stretch tensor respectively and R, is the relative
rotation tensor. Note
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F(f) = U) = V() =R(p) =1 (8.72)
From Eq. (8.7.1) , we clearly also have
V,=R,U,RY (8.73)
and
U,=RV,R, (8.7.4)

The relative right Cauchy-Green deformation tensor C,is defined by
C,=U}=¥FF, (8.7.5)
and the relative left Cauchy-Green deformation tensor By is defined by
B,= Vi = FF (8.7.6)
and these two tensors are related by
B,=R,C,R/ and C, =R’ B,R, (8.7.7)

The tensors C,” 1 and B ! are often encountered in the literature. They are known as the
relative Finger deformation tensor and the relative Piola deformation tensor respectively.

We note that
Ci(xt) = Byxt) = C; '(x¢) = By {(xt) = I
Example 8.7.1

Show that if dx1) and dx® are two material elements emanating from a point P at time ¢
and dx'D and dx® are the corresponding elements at time 7, then

axD.axw® = 4xV.c ,dx(z) (8.7.8)
and
axD . = dx’(l)'Bt-ldx'(z) (8.7.9)
Solution. From Eq. (8.6.1), we have
ax®-ax® = [(F)axdV)- [(Fyax?) @

By the definition of the transpose
axD.ax® = 5. (F t)T(F t)dx(z) (ii)
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Thus,
dx®.ax® = &V .c ,dx(z) (iii)
Also, since
dx = Ft_ldx’ (8.7.10)
therefore,
V. D = [(Ft—l)dx'(l)] -[(Ffl)dx'(z)] = dx'(1)°B,_1 ax® (iv)

Let dx = dse; be a material element at the current time ¢ and dx’ = ds'n be the same
material element at time 7, (where e, is a unit vector in a coordinate direction and n is a unit
vector), then Eq. (8.7.8) gives

N2 @8.7.11)
(Conn=¢e;-Cier= (% )

On the other hand, if dx' = ds'e; is a material element at time v and dx = dsn is the same
material element at current time ¢, then Eq. (8.7.9) gives

2 (8.7.12)
_ - ds
B Y= ‘B le = (;gr)

The meaning of the other components can be obtained using Eq. (8.7.8) and (8.7.9). [See also
Sections 3.23 to 3.26 on finite deformation tensors in Chapter 3. However, care must be taken
in comparing equations in those sections with those in this chapter because of the difference
in reference configurations.

We note that
Cxt) = By(x) = G i(xt) = By {xp) = 1 (8.7.13)

8.8 Calculations of the Relative Deformation Tensor

(A)Rectangular Coordinates
With the motion given by:
x1" =x1" (X1, %2, X3, T), X3 =x3' (x1,%2,%3,T), X3’ =x3 (X1, %2,%3,T) (8.8.1)

Equations (8.7.5) and (8.6.4) give

N2 N2 N2
el G

axy oxy oxq
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_ (3 () (@) (8.8.2.b)

(Conz = [;2) +[?2] +( axz]
(Cs = (1’2)1(‘;@)1 ‘Z’g)z (8.82.0)
€z = a;;ll a;lz + 3;12 ?;22 + 8;31 1?2 (88.2.d)
(o = %% ?:713 ¥ %{ %%2 * (3:732 ?TZ (88.2.0)
(D= 1211 «';13 ¥ a;fl (?;32 * ?;31 aaii (8824)

To obtain the components of C, 1 one can either invert the symmetric matrix whose

components are given by Egs. (8.8.2), or one can obtain them from the inverse functions of
Eq. (8.8.1), i.e.,

x1 =x1 (x1',%2",x3, %), x2 =% (x1', %2, %3, 7), x3=x3(x1',x2',x3",7)  (8.8.3)

Indeed, it can be obtained

ax 2 ax 2 ax 2
-1, _ 1 1 1 (8.8.4a)
(Cl )11 (axll] + [ale] + (ax3f]
2 2 2
dx ax ox
-1, _ | #2 2 o2 8.8.4b
ax ax; ox ax ox dx
-1, _ |9 2 1 2 1 2
(Ct )12 - (axll] (axlr] + [ale] [axzr] + [6x3'] (6.!3’] (8.8.4.C)
ete.
Example 8.8.1

Find the relative right Cauchy-Green deformation tensor and its inverse for the velocity
field given in Example 8.5.1

Solution. Since
x1" = x1+v()(T 1), X' =x9, X3’ =ux3, 0]

we have, with k = dv /dx;,,



482 Calculations of the Relative Deformation Tensor

1 k(z—£) 0 )
[Fl]=10 1 o0 (ii)
0 0 1
and
1 00||1 k(z—t) O 1 kz—t) 0
[Cl=|kz—t) 1 0| [0 1 0| = |k@z—t) K*@z—1)*+1 0 (iii)
0 01,10 O 1 0 0 1
The inverse of Eqs.(i) are
x1 =X —v(x)(T 1), x2=x3, x3=1x3, (iv)
1 —k(z—t) 0 .
F=|o 1 0 (vii)
0 0 1

L [rke-n o[ 1 00 |1KGE-P —kG-n 0
[CT1=[0 1  of|-k(-H 1 0|=| —k@-1) 10 (vid)
0 0 1 0 01 0 0 1

(B) Cylindrical Coordinates

The procedures described below for obtaining the formulas for computing the components
for the relative right Cauchy-Green tensors, are the same as those used in Section 3.30 of

Chapter 3.

We have
dx =dr'e’ +r'dd'e'g+dz'e’,, dx= dre-t+rdBeg+dze, (8.8.5)
Thus, from dx' = Fdx,
dr' = dr(e',-Fe,)+rd0(e’',-Feg)+dz(e',-Fe,) i)
But from calculus
o o o (i
dr = ardr+ aed0+ azdz
Thus, we have
, a' lar ar' iii
er'Fter=_a—r_ e Feg = Py er'Ftez__‘a_Z (i)
Similarly, one can obtain
30’ r' a6’ 30’ (iv)

egFe=r— egFeg=—75g egFe =r—
6 Yt ar 0 %0~ . 90 6 Ttz oz



and
, az' , 13z’ ,
ez'Fter=¥ ez'Fte9=r60 e, Fe, =
Equations (iii) to (v) are equivalent to the following equations:
or , 00, oz
Fie, = '573 Fr We 9+Fr—e 2
Fes = lor' , +r'89' , +162’ ,
[y AT ACAIPY A
_or , 80 , o9z,
Fe, P +r N ot Pk
As already noted in the previous section, the matrix
ERtaa
ar rdfd g
00" r'e6’ a0’
(i = |r ar rod "5
o 1a ar
o rdf g C
L 4€,€9:€,,€, €9 €,

Non-Newtonian Fluids 483

& )
dz

(8.8.62)

(8.8.6b)

(8.8.6¢)

(88.7)

being obtained using bases at two different points, give the two point components of the tensor

F,. Now, from

C, =F/F,

we have
ar , 96’

Copr = er'FtTFter = er'F;T [—-e ’+r’Te’9+'_‘e'7—]

or

or , ,00' T, az’' ,
=S Fre)tr——(e F ')+ (e, Fre';)

ar', ,00" ', ,
= ;(e rFe)+r —a;(e 6’ I“‘ter)'*'_ar_(e 2'Frey)

_(ar 2+ ,'3_01 2, a 2 (vi)
ar ( ar) or
T Tilar' , r'of’ , 18z’ ,
(Cop = & F Feg = e, F, [raec’+r 60c0+r 39‘2]
19r' r' a9’ 13z’

= ao(er Fre')+——og (e Fre'g)+—Fg5(e, Fre',
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lar' 1z,
= ——g(e Fter)""_—_e'(e o Fe)+- 5p(e’; Frey)
_ [Lor') [or +[_ 30’ (r'a0’ + 1d2') [az' (vii)
rd8)\ar)  r\ 99| ar rdo |\ ar
Other components can be derived similarly. Thus, with the pathline equations given by
r=rwro,zr), 0 =0(,02z27), 2 =2'(r,0,z7) (8.8.8)
the components of C, with respect to the bases ¢, €g and e, are:
2
ar a0'\2 (az'
— = 8.8.
(€ = (ar) +(r ar) +(ar] (38.92)
6’ a
(Ceo = %[( ) +(r55)° (%) 2] (8.8.9b)
Y2 9002 (az)? (8.8.9¢)
(€ = (T) () —;)

(Co = —[(%—) (%) +r'z( 6:;’) ( a%) + (%zr-) (%ie)] (8.8.9d)
e[S ] e
am=2{[8)(5) ) (2) (5 (5)] e

To obtain the components of C; ! , one can either invert the symmetric matrix whose

components are given by Egs. (8.8.9), or one can obtain them from the inverse functions of
Eq. (8.8.8),i.e.,

r=rr,0,z27), 0=606,27), z=2r0,27) (8.8.10)

In fact, fromdx = F, Lax', we obtain
dr= e dx=dr'(e,F; &) +r'df' (e, F] 'e'g) + dz' (e, F; ¢’y (viii)
7d = eg-dx = dr'(egF; - ¢',) + r'd0'(eg F; ‘e'g) + dz'(eg F, 'e’,) (ix)

etc. Thus,

ar - -1T ar (x)

er'Ft_.le'r = e'r'Ft_'lTer — e F le,ﬂ =egF e=
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-1, , o—1T rd@ -1, , 1T rof .
e F, e, = F eg =, eg'F, "e'g =g F e =g (xi)
etc. These equations are equivalent to the following equations:
-1, _ or raf dz 8.8.11
Ft er—arlel'+ arle0+arlel ( o a)
-1, _ or rao az 8.8.11b
Fp eg= 70" + 7300 + a6’ 2 (8.8.11b)
-1 or rod az
1= — —e 8.11
Fi le, =6+ et o0e (88.11¢)
and
=17, _ ir_ ’ o, _‘?_r_ ' 8.8.12
Ft er—ar,e,+WeG+az,ez ( a)
-1T rof raf ra@
= "t ——elg + —¢ .8.12
F;, e > ,+ 'ae'°9+az'°2 (8.8.12b)
1T oz 8z 0z
=-—¢ +—¢'g+—¢ 8.8.12¢
Ft € ar- T + 790’ ] + oz’ z ( )
From
~1 -1 p-1T -1 -1 ,-1T
(C Vr=e¢'F, "F e, (C, )pg=¢F F ¢ (8.8.13)
etc., we obtain, with the help of Egs. (8.8.11) and (8.8.12),
2 2 2
-1 ar ar ar
= |— — 8.8.14
= (2] () (&) sa

2 2 2
e[ ] e
-1, _ |(or) (ré6) , (_or_|(rd0 )  (or) (re6
(€ o= [(ar') (ar’) * (r'ae') (r'aO’) + (62’) (az’)] (8.8.14¢)

The other components can be easily written down following the patterns given in the above
equations..

(C) Spherical coordinates
With path line equations given by
r'= r'(t, r, 0’ ¢s t)s 0 = 0’(11 T, 6’ ¢9 t)9 ¢’ = ¢,(T’ r, 6’ ¢’ t) (8'815)

the components of C, with respect to e, es,eg can be obtained to be
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2 2
_ (ar)", /802 (r'sing'ag’
(€ = ( ar) +(r3)) +( r” ) (8.8.162)

ol ! ! 2
o3[ 0B )] s
(,@ﬂ) 2, (__Q‘Lr sind” 2] (8.8.16¢)
(

%)

+

1 ar' 2
(Cogg = E—Eg[(g)
©Cow = ‘1'[(%) (%%) +r'? (%%I) (%% +(r'sin¢9’)2 (%
1 or') (ar 2(00'Y (30’ e ' '
(oo = 7m0 [(1’%) (5%) o 2(6.9) (35) +(r'sin6')? (%%) (%%)] (8.8.16¢)

(Cogr = rsmG[( )l ) (aor) (aaz,)+(r sin6") (ﬁﬁ) (%%)] (8.8.160)

Again, using the inverse functions of Eqs. (8.8.15), we can obtain the following components

(8.8.16d)

ar 2 ar 2 ar 2
(Ct )ﬂ' (ar') + (rraol) + (r'sin0’6¢') (8.8.173)
2 2 2
-1, _ (reé rab roé
(C oo = (6r’) + (r, 30,) + (r’sine’ a¢') (8.8.17b)

-1, _ (or) (reé or rod ar rd@
(€ Do = (ar’) (8r' ) + (r'ae') (r'ae) + (r’sin0'6¢‘) (r’sine’aq)'J (8.8.17¢)

The other components can be easily written down following the patterns given in the above
equations.

8.9 History of the Relative Deformation Tensor. Riviin-Ericksen Tensors

The tensor C,(x7) describes the deformation at time 7 of the element which is at x at

time ¢, Thus, as one varies zfromt = — to 7 = ¢in the function C,(x7), one gets the whole
history of the deformation from infinitely long time ago to the present time ¢.

If we assume that we can expand the components of C, in Taylor series about r = ¢, we

have,

t

aC, 9°C,
C(x7) = C(xn)+ (—a?t) t(T—t)+—% [—6;2—] (‘(—t)2+.... (8.9.1)
= T=t
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Let
aC
A= (a—r‘) (8.9.2a)
T=t
2
(a c, (8.9.2b)
A= |—
or c=t
and
Ve
Ay=|—2£ , N=34,. (8.9.2¢)
azN -
We have, (note, Ci(xt) =1)
2
C(x7) = I+(r—t)A1+£r—2t)—A2+... (8.9.3)

The tensor A,Ap,...A, are known as Rivlin-Ericksen tensors.

We see from the above equation that provided the Taylor series expansion is valid , the
A,’'s determine the history of relative deformation. It should be noted however, that not all

histories of relative deformation can be expanded in Taylor series; For example, the stress
relaxation test in which a sudden jump in deformation is imposed on the fluid, has a history of
deformation which is not representable by a Taylor series.

Example 8.9.1

Find the Rivlin-Ericksen tensor for the uni-directional flows of Example 8.8.1.
Solution. We have, from Example 8.8.1

k(z—t) O

[Ci(x7)] = (t—t) 1+k2(r 5% 0

1

100] [oko 000
=010+k00(r—t)+02k0-(——tL )

001/ looo 00 0

Thus, (see Eq. (8.9.3))

0kO
[Al=1k00 (ii)
000
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0 00
[A)= |0 2% 0 (iii)
000
[A,]=0 for all n =3
where k = dv/dx;.

Example 8.9.2

Given an axisymmetric velocity field in cylindrical coordinates:
v,=0, vg=0, v,=v(r) (i)

(a) Obtain the motion using current time ¢ as reference
(b) Compute the relative deformation tensor C,
(¢) Find the Rivlin-Ericksen tensors.
Solution. (a) Let the motion be
r=r(r6z1), 0 =60(20z1), z' =20027) (ii)
then, from the given velocity field, we have

a _, 4o _., d' _ (iii)
dr_o’ dr_o’ dr—v(r)

Integration of these equations with the conditions thatat v =¢, r'=r, ' =0 and z’ =z, we
obtain

r=r, 0" =6, Z' =z +v(r)(r—t) (iv)
(b) Using Eq. (8.8.9), we obtain, with k(r) = dv /dr

1+K%@—1) 0 k(z—f)
[C = 0 1 0 v)
k(z—t) O 1

(c)From the result of part (b) , we have

2
100/ [0 0 k() 2y 0 Of 2 .
€i={01 o[+| 0 0 o |e-n+| o o o/ i)
001 (k) 0 0 0 0 0

Thus, the Rivlin-Ericksen tensors are [see Eq. (8.9.3)]
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0 0 k(|
[Ad=]0 0 0

kr) 0 0 |

2%) 0 0]

[A2l=) 0 o0 O

0 0 0]

[A,]=0 forn=3

Example 8.9.3

Consider the Couette flow with a velocity field given in cylindrical coordinates as
v, =0, vg=v({), v,=0
(a) Obtain the motion using current time ¢ as reference.
(b) Compute the relative deformation tensor C; .
(c) Find the Rivlin-Ericksen tensors.

Solution. (a) From the given velocity field, one has

ar’ _ d0 A2
dr_o' " i =v{r'), =0

Integration of the above equation gives the pathline equations to be:

r'=r, 9’=0+1(rrl(r—t), z' =z

)

(vi)

(vii)

@

(i)

(i)

(b) Using Eqgs. (8.8.9), one easily obtain the relative right Cauchy-Green deformation tensor

to be

L+ K- k(r)(z—t) 0

[CO =] k()-1) 1 0

0 0 1
0 ko] . _.2|2®00
=[]+ @) k() 0 0 +Q—2—)- 0 00
0 00 0 00

ko= (5-3)

(iv)

)
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(c) The nonzero Rivlin Ericksen tensors are

0 k(n o .
[Ale ege, = |k(r) 0 0 (vi)
0 00
%% 00 ..
[AZ]er,eo,ez = 0 00 (Vll)
0 00
Example 8.9.4
Given the velocity field of a sink flow in spherical coordinates:
v,=——a§, vg=0, vy =0 @
r
(a) Obtain the motion using current time ¢ as reference
(b) Compute the relative deformation tensor C;
(¢) Find the Rivlin-Ericksen tensors.
Solution. (a) Let the motion be
r=r6,¢71), 0=00069¢71), ¢ =¢0¢r1) (ii)
then, from the given velocity field, we have
' _a dO_, &' _, (i)

de 2 dr T dr

Integration of these equations with the conditions thatat Tt = ¢, r'=r, 6’ = 0 and ¢’ = ¢, we

obtain

r,3

=7+ 3a(t-7), ) 9 =9 (iv)
(b) Using Eq. (8.8.16), we obtain, with k = dv /dr

s 7

12 + 3a@-v) Y>3 0 0
C] = 0 [+ 3a(2t—r)12/3 0 )

,
3 23
0 0 [r +3a(2t )]

r

- -
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(c)From the result of part (b) , we have
d(Ct)rr - ﬂ [1 + 3a!t—‘[!] —-5’
dr r3 r3
&(Cr _ 28° 1.+ 3062 L
dr? o r ’
dCos _d(Cgp _ 2ar, |, 3at=7) -3
v = dr 2 [ A ] ’
2
E(Chw _ (Cgg _ 24" 1+ 3a(t—v ]-g
dr* dr* /P P ’
etc
Thus, from Egs. (8.9.2)
i -
- 0 0
r3
—2a )
[A]=]0 3 0 (vi)
—2a
0 0 —
r3
[ 2842 ] vii
28;1 0 0 (vii)
r
—— 2 .
l=| 0 2 (vii)
r
2
0o o =
L o

[As], [A4]
C, and evaluating them atz = ¢,

etc. can be obtained by computing the higher derivatives of the components of

8.10 Rivlin-Ericksen Tensor in Terms of Velocity Gradients - The Recursive

Formulas

In this section, we show that
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Ay =2D = W+ (V)T (8.10.1)
DA 8.10.2
Ay = 4+ A (VW) +(VW)TA; (8.102)
Dt
and
DAy T (8.10.3)
Any1 =5 FAMVV)H(V) Ay, N=123..
where Vv is the velocity gradient and D is the rate of deformation tensor.
We have, at any time 7
ds® = dx'(t)-dx () = dx-Cydx @
D 2 _[d,,2 ] (act) (ii)
—(ds?) = |5z(ds =dx: |5 dx
Dt ¢ [ar( ) x;—fixed, 7=t o7 T=¢
That is, [see Eqs. (8.9.2)]
gt (@52) = dx-Ay dx (8.10.4)
clearly, we also have
2 8.10.5
D (ds?) = dx-Aydx (8.103)
Dt
and
DN o, (8.10.6)
Btw(ds ) =dx-Andx

We now recall from Section 3.13, Eq. (3.13.6a), that
D 2 — o
Dt(ds ) = 2dx-Ddx

where D = -;—[Vv + (Vv)T] is the rate of deformation tensor. Thus,
Al =2D
Next, from Eq. (8.10.4),

D’ 2 _ (D D D
-'?(ds )= (de) -Agdx + dx-b—t-Al dx + dx-Aq Z)t_dx (iif)
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But
D
de = (Vv)dx [see Eq. (3.12.4)]
Therefore,
D > DA,
—5(ds) = (Vv)dx-Aqdx + dx-ﬁ dx + dx-Aq (Vv)dx
Dr

From the definition of transpose

(Vv)dx-Aqdx = dx- (VV)TAl dx

2
D DA,
th(dsz) = dx: [ o T (Vv)TA1 + A1(Vv)] dx

Thus, from Egqg. (8.10.5),

Ay = Tt+A1(VV)+(VV) Al

Equation (8.10.3) can be similarly proved.
8.11 Relation Between Velocity Gradient and Deformation Gradient
From
dx' ()= X% '(x+dx7)—x '(x7)
we have
dx' = F(x,7)dx and

D

de "()= v (x+dxr)-v '(XT) =Vyv ' (x7)dx
From Eq. (8.11.2)
Ddx' _ |DF; P
pr (D )™
Comparing Egs. (8.11.3) and (8.11.4), we have
DF, ,
D = Vv '(x7)

and from which

()

v)
(vi)

(8.11.1)

(8.11.2)
(8.11.3)

(8.11.4)

(8.11.5)
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DF, 8.11.6
2] e

Using this relations, we can obtain the following relations between the rate of deformation
tensor D and the relative stretch tensor U, as well as the relation between the spin tensor W

and the relative rotation tensor R,. In fact, from the polar decomposition theorem
F,(t) = R()U() (8.11.7)

we have

DE,S;) _ Dgr) Uge) + Rt(T)Dllj)tr(T) (8.11.8)

Evaluating the above equation at 7 = ¢, using Eq. (8.11.6) and noting that U,(¢) = R,(t) = I, we
obtain

Vove DR(x) DU(7) (8.11.9)
Al ® | Dr
T=t 7=t
cal DU(7)| . : . : DR(7)| .
early Dr is a symmetric tensor and it can be easily shown that De is an
=t =t

antisymmetric tensor. Thus, in view of the fact that the decomposition of a tensor into a
symmetric and an antisymmetric tensor is unique, therefore,

[DU,(r) J A (8.11.10)
Dr

=t
DR(7) (8.11.11)
[ Dt ]r:t B W(t)

8.12 Transformation Laws for the Relative Deformation Tensors under a Change
of Frame

The concept of objectivity was discussed in Chapter 5, Section 5.31. We recall that a change
of frame, from x to x* , is defined by the transformation

() =c(t) + QU)X —x,) (8.12.1a)
t'=t-a (8.12.1b)

and if a tensor A, in the un-starred frame, transforms to A in the starred frame in accordance
with the relation

A* = QAQT( (8.122)
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then, the tensor A is said to be objective, or frame indifferent (i.e., independent of observers).
From Eq. (8.12.1), we have

ax’(¢) = Q()dx(t) (i)
and
dx*(z) = Q(r)dx () (i)
Since dx'(t) = F/(v)dx(f) and dx*(r) = F;(r)dx'(£), therefore from Eq. (ii), we have
F; (2)dx" () = Q(v)dx'(v) = Q()F(v)dx(t) (ii)
Now, use the inverse of Eq. (i), we get
F;@dx’(t) = QF@)Q" (dx'() @)
Thus,
F}(z) = Q@)F,()Q (1) (8.123)

This is the transformation law for F,(7) under a change of frame. We see that this tensor is not
objective.

Since F{ = R;U; and F, = R\, therefore, from Eq. (8.12.3)
R U; = QRUQT () )
This equation can be written:
F; = R} U;=[Q(0)RQ"()][Q1)UQT (1)) )

In the above equation, the tensor inside the first bracket is an orthogonal tensor and the tensor
inside the second bracket is a symmetric tensor. Since the polar decomposition for F; is
unique, therefore, we have

R = QRQ’ (1) (8.12.4)

Uy = QY Q7)) (8.12.5)
It is a simple matter to show the following transformation laws under a change of frames:

C; = QcQ’ (8.12.6)

-1
. =Q0c QT (8.12.7)

Vi = Q@)V,Q'(7) (8.12.8)
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B/ = Q(MBQ’(v) (8.12.9)

1
B =Q@B; Q'(x)

Equations (8.12.5),(8.12.6) and (8.12.7) show that the relative right stretch tensor, the relative
right Cauchy-Green deformation tensor C; and its inverse C; 1 (the relative Finger tensor)

(8.12.10)

are objective. On the other hand, V; B, and B, ! are nonobjective. We note, this situation is

different from that of the deformation tensor using a fixed reference configuration [See Section
5.31].

From Eq. (8.12.4) and (8.11.11), one can also show that in a change of frame

dQ(®)

W = QuWeQ () + =2 Q"0 (8.12.11)

which shows, as expected that the spin tensor is non-objective.

Using Eq. (8.12.11), one can derive for any objective tensor T (i.e., T" = Q(t)TQT(t)) that

2) A (8.12.12)
Dt
is objective, that is, [see Prob. 8.22]
i . 8.12.13
QD{—+Tw*—W‘T =Q(t)[—?)t—T+TW—WT}QT(t) (8.12.13)

The expression given in (8.12.12) is known as the Jaumann derivative of T which will
be discussed further in a later section.

8.13 Transformation law for the Rivlin-Ericksen Tensors under a Change of
Frame

From Eq. (8.12.6)
C}(¥) = QIOC)Q () (8.13.1)

we obtain

D

I—},—C? (@)= Q(t)l—l))r—C,(t)QT(t) (8.13.2)

and in fact, for all N,

. (8.13.3)
D%},Vv—c, @ = Q(t)%ct(r)QT(t)
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Thus, from Eqgs. (8.9.2), we have, for all N
An() = QOANDQT () (8.13.4)

We see therefore that all A y are objective. This is quite to be expected because these tensors

characterize the rate and the higher rates of changes of length of material elements at time ¢
which are independent of the observers.

8.14 Incompressible Simple Fluid

An incompressible simple fluid is an isotropic ideal material having the following constitu-
tive equation
T = -pl+v (8.14.1)

where T depends on the past histories up to the current time ¢ of the relative deformation
tensor C,. In other words, a simple fluid is defined by

T = —pI+H [Cx7);~ 0 <T<f] (8.14.2)

where the index 7=— e to ¢ indicates that the values of the functional H depends on all C; from
C/(x,—») to C,(x¢). We note that such a fluid is called “simple” because it depends only on
the history of the relative deformation gradient F,(r) = VX' tensor (from which C(7) is

obtained), and not on the history of the higher gradient of the relative deformation tensor (e.g.,
Vvx').

Obviously, the functional H in Eq. (8.14.2) is to be the same for all observers (i.e.,
H'=H ). However, it can not be arbitrary, because it must satisfy the frame indifference
requirement. That is, in a change of frame,

H[C;(+)] = QOH[C®)]Q7 () (8.14.3)
Since C(7) transforms in a change of frame as [see Eq. (8.12.6)]
¢ = QOCQ'®) (8.14.4)
therefore, the functional H [Cy(x7); — o <7 <¢] must satisfy the condition
H[Q()CQ(1)] = QHICIQ"(®) (8.14.5)

We note that Eq. (8.14.5) also states that the fluid defined by Eq. (8.14.2) is an isotropic
fluid.

Any function or functional which obeys the condition given by Eq. (8.14.5) is known as an
isotropic function or isotropic functional.

The relationship between stress and deformation given by Eq. (8.14.2) for a simple fluid is
completely general. In fact, it includes Newtonian incompressible fluid and Maxwell fluids as



498 Special Single Integral Type Nonlinear Constitutive Equations

special cases. In this most general form, only very special flow problems can be solved. A class
of such flows, called the viscometric flow, will be considered in Part C, using this general form
of constitutive equation. However, in the following few sections, we shall first discuss some
special constitutive equations. Some of these constitutive equations have been shown to be
approximations to the general constitutive equation given in Eq. (8.14.2) under certain
conditions (slow flow and/or fading memory). They can also be considered simply as special
fluids. For example, a Newtonian incompressible fluid can be considered either as a special
fluid by itself or as an approximation to the general simple fluid when it has no memory of its
past history of deformation and is under slow flow condition relative to its relaxation time
(which is zero).

8.15 Special Singie Integral Type Nonlinear Constitutive Equations

In Section 8.4, we see that the constitutive equation for the linear Maxwell fluids is defined
by

v =2 [ fls) E(t—s)ds (8.15.1)
o
where E is the infinitesimal strain tensor measured with respect to the configuration at time
t. It can be shown that for small deformations, (see Example 8.15.2 below)
C-I1=1-C/1=2E (i)

Thus, the following two nonlinear viscoelastic fluids represent natural generalizations of the
linear Maxwell fluid in that they reduce to Eq. (8.15.1) under small deformation conditions.

T = f:fl(s)[c, (t—s)~1}ds (8.152)
and
T = f:fz(s)[l—cr L5l (8.15.3)
where
£16)=Fas)=1(s) (8.154)

and f(s) may be given by any one of Egs. (8.4.9), (8.4.10) and (8.4.11).

We note that since C,(7) is an objective tensor, therefore the constitutive equations defined
by Egs. (8.15.2) and (8.15.3) are frame indifferent. We note also that even though the fluids
defined by Egs. (8.15.2) and (8.15.3), with f; = f> have the same behaviors at small deforma-
tion, they are two different nonlinear viscoelastic fluids, behaving differently at large
deformation. Furthermore, if we treat f1(s) and f>(s) as two different memory functions, then
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Eqgs. (8.15.2) and (8.15.3) define two nonlinear viscoelastic fluids whose behavior at small
deformations are also different.
Example 8.15.1

For the nonlinear viscoelastic fluid defined by Eq. (8.15.2), find the stress components when
the fluid is under steady shearing flow defined by the velocity field:

vi=key vp=v3=0 (@

Solution. The relative Cauchy-Green deformation tensor corresponding to this flow was
obtained in Example 8.8.1 as:

1 kz-t) 0

[C@)] = |k(r-1) K@z—£*+1 0 (i)
0 0 1
Thus,
0 —ks 0
[Ct—s)-T] = | -ks K’ 0 (iif)
0 0 0
Thus, from Eq. (8.15.2)
T =T;3=73=733=0 (iv)
=~k J oy (5)s (815.5)
0
=k J o) (8156)
0

We see that for this fluid, the viscosity is given by

p=Erk= —fwsfl(s) ds @157

We also note that the normal stresses are not equal in the simple shearing flow. In fact,

Ty=-p+in=-p W
T22 =—p+Tp=—-p+ k2 f szfl(s)ds (Vl)
o

Tya=-p+t33=—p (vii)
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We see from this example that for the nonlinear viscoelastic fluid defined by Eq. (15.2), i.e.,

T = 2fmf1(S) [C; (¢—5)—1ds (8.15.2)
0
the viscosity function u(k) is given by
p)=r1y =~k fwsfl (s)ds (8.15.8)
o
and the two normal stress functions are given either by
0100) = Tyy=Tap = —K J| s%,(s)ds (8.15.92)
o
0y(k) = Typ—Ts3 = k% fwszfl(s)ds (8.15.10a)
0
or
0,00) = Tyy-Tyy = K | $%1(5)ds (8.15.9b)
0
oyk) = Ty =T33 = 0 (8.15.10b)

The shear stress function, and the two normal stress functions (either
o1 and 0y, or ¥ and 0,) completely describe the material properties of this nonlinear vis-
coelastic fluid in the simple shearing flow. In part C we will show that these three material
functions completely describe the material properties of every simple fluid, of which the
present nonlinear fluid is a special case, in viscometric flows, of which the simple shearing flow
is a special case.

Similarly, for the nonlinear viscoelastic fluid defined by Eq. (8.15.3),

v = [ HON-C e-o)s (®133)
o
the viscosity function and the two normal stress functions can be obtained to be
wk) = & [ sf2 6)ds @151
o
(8.15.12)

oyk) = —k° fmszfz(S)df
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oy (k) =0 (8.15.13)

A special nonlinear viscoelastic fluid defined by Eq. (8.15.3) with a memory function
dependent on the second invariant /, of the tensor C; in the following way

fa(s) = f(s) when I, = B?+3 (8.15.14)

fos) =0 whenl, < B*+3

is known as Tanner and Simmons network model fluid. The function f(s) is given by Eq. (8.4.9).
For this fluid, the network “breaks” when a scalar measure of the deformation [, reaches a

limiting value B? + 3, where B is called the “strength” of the network.

Example 8.15.2
Show that for small deformations relative to the configuration at time ¢
C—-1=1-C '=2E (8.15.15)

where E is the infinitesimal strain tensor.

Solution. Let u denote the displacement vector measured from the configuration at time t.
Then

x'(r) = x + u(x7) 6]
Thus,
F,=Vx'=1+Vu (ii)
Now, if u is infinitesimal, then
T iii
C,=F,TF,=[I+(Vu)T][I+Vu]zI+2w=I+ZE i
Also
- 1 e T (iv
l=F1FT =1 - (vuI- (Vo) j=1- 2@%(@ =I-2E )
Thus

C~I1=~2E and I-C;'=~2E
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Example 15.3
Show that any polynomial function of a real symmetric tensor A can be represented by
FA)=f1+fA+f,A"! (8.15.16)
where f; are real valued functions of the scalar invariants of the symmetric tensor A.
Solution. Let
FA) = a ] + @A + ay A® +..apAV o)

Since A satisfies its own characteristic equation:

A -nA’?+pA-LI=0 (ii)

therefore,
A=A [A+ L1 (iif)
A =LA -DA+ A= (WA - LA+ 1) - LA+ A (iv)

etc., Thus, every ANfor N=3 canbe expressed as a sum of A, A2 and Iwith coefficients being
functions of the scalar invariants of A. Substituting these expressions in Eq. (i), one obtains

F(A) = b,([)1 + by(IDA + ba([)A’ )
Now, from Eq. (iii), we can obtain
A’=nA-LI+LA™Y (vi)
therefore, Eq. (v) can also be written as
F(A) = foI)1 + f1 (DA + (DA™ (vii)

which is Eq. (8.15.16). Actually the representation of F(A) given in this example can be shown
to be true under the more general condition that the symmetric function F of the symmetric
tensor A is an isotropic function ( of which the polynomial function of A is a special case ). An
isotropic function F is a function which satisfies the condition

F(QAQ") = QF(A)Q” (viii)

for any orthogonal tensor Q. Now, let us identify A with C; and J; with the scalar invariants of
C; ( note however that I3 = 1 for incompressible fluid ), then the most general representation
of F(C, ) is [ we recall that F(C,) is required to satisfy Eq. (viii) for frame indifference, see Eq.
(8.14.5) also],

F(C,) = fiI3,12 )C; + fo (1,12 )C] ! (ix)
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8.16 General Single integral Type Nonlinear Constitutive Equations
From the discussions given in the previous example, we see that the most general single
integral type nonlinear constitutive equation for an compressible fluid is defined by

°° _ 8.16.1).
v = [ GG + f2 (sI1,I)Cr 1ds (@.16.1)
o

A special nonlinear viscoelastic fluid, known as the BKZ fluid, is defined by Eq. (8.16.1)
with the functions f1(s) and f,(s) given by

U (8.16.22)
fl)=251
au 8.16.2b
$9) = =25 (8.16.2)
where
le +3 L+ 15 (8.16.2¢)

U= —(11 -3)%+ ﬂl +24(/3—-c)ln

+ c(l1-3)

where a, and c are constants.

8.17 Differential Type Constitutive Equations for Incompressible Fluids

We see in Section 8.9 that under the assumption that the Taylor series expansion of the
history of the deformation tensor C/(x7) is justified, the Rivlin-Ericksen tensor

A, (n = 1,2,...) determines the history of C,(x,7). Thus we may write Eq. ( 8.14.2) as

T = —pl + f{A,Ap,...Ay,...) (8.17.1)
where f(A(,A,,...A,,...)is afunction of the Rivlin-Ericksen tensor and trA; = O which follows
from the equation of conservation of mass for an incompressible fluid.

In order to satisfy the frame-indifference condition, the function fcannot be arbitrary but
must satisfy the relation

Qf(A1.A,,..A,)Q7 = fQA;Q7,04,07QA,Q7) (8.17.2)

for any orthogaonal tensor Q. We note again, Equation (8.17.2) makes “isotropy of material
property” as part of the definition of a simple fluid. Equation.(8.17.2) is obtained in the same
way as Eq. (8.14.5) is.

The following are special constitutive equations of this type
(A) Rivlin-Ericksen incompressible fluid of complexity n
T=-pl+f(AAy..A,) (8.17.3)
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In particular, a Rivlin-Ericksen liquid of complexity 2 is given by:
T=—pl+uAs + Al +p3As + pAs’
+15(A1A2 + AgAy) + pe(A1AS + ASA7)
+17(ATA2 + AsAT) + ug(ATAS + ASAD) (8.17.4)
where 1,45,.. .48 are scalar material functions of the following scalar invariants:
trA2, trA3, trAy, trAS A3
trA Ay, trAZA, rA;AZ trA2A2 (8.17.5)

We note that if u; = u3....=pu, =0 and #; = a constant, Eq. (8.17.4 ) reduces to the
constitutive equation for a Newtonian liquid with viscosity 4.

(B) Second Order Fluid
T=—pl+piA; +uAl + pu3A, (8.17.6)

where uq, 45, and u4 are material constants. The second order fluid may be regarded as a
special case of the Rivlin-Ericksen fluid. However, it has also been shown that under the
assumption of fading memory, small deformation and slow flow, Eq. (8.17.6) provides the
second-order approximation whereas the Newtonian fluid provides the first order approxima-
tion and the inviscid fluid, the zeroth order approximation.

Example 8.17.1

For a second order fluid, compute the stress components in a simple shearing flow given
by the velocity field

V1=h2, V2=V3=0 (l)
Solution. From Example 8.9.1, we have for the simple shearing flow,
0kO0 (i)
All=1k00
000

(i)

and
A3 = A4 =..=0 (iV)
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Now,
, K00
(ATl = [A1)[A1] = [0 K% O v)
000
therefore, Eq. (8.17.6) gives
Ty = —p +uok’, Ty = —p + ok’ + 2u3k’, Ty3=-p (vi)
Tp=mk, Ti3=Ty=0 (vii)

We see that because of the presence of 4, and 43, normal stresses, in excess of p on the planes
x1 =constant and x, = constant are necessary to maintain the shearing flow. Furthermore,
these normal stress components are not equal. The normal stress difference

01(k) =Ty — T (viii)
and
0x(k) =Ty - T33 (ix)
are given by
01 = ~2ugk® 0y = poh + 23’ ()

By measuring the normal stress differences and the shearing stress components T3, the
three material constants can be determined.

Example 8.17.2

For the simple shearing flow, compute the scalar invariants of Eq. (8.17.5).

Solution. Since

0kO0 000 K00 0 K0
[Ad= [k 00| [A)=|02%20| (ATl=|0 #*0| AN=|B oo ©
000 000 000 000
000 0 0 0
(A= loato| (A= |o&do (i)
000 000
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1
J

0260 0 00 000
[AdlAz]= [0 0 of [AddiAl)= |2t 00| [AflAy=[ASNIAT) = 0 2%* 0| (i)
000 0 00 000

04K 0 0 00 000

AglAdl= |0 o o] [A3A]= |45 00| [ATIIAZI= [0 a5 0 (iv)
000 0 00 000

Therefore,

trA2 = 2%, A3 =0, trA, = 2%,
trA% = 4k4, trA% = 8k°, trA1A, =0,
trA2A, = 2%, trA,A2 =0, rA?A] = 4k

Example 8.17.3

In a simple shearing flow, compute the stress components for the Rivlin -Ericksen liquid.

Solution. From Egs. (8.17.4) and the results of the previous example, we have (note
A3=Ay= .. =0)

Ty = —p + Kluy(kd)]

Typ = —p+2%0u5(K%) + Spia(K%) + 2(k?) + KB + 4k ug(hP)]

Ty3=-p
Ty = kg () + 2%us(k%) + 4k ug(k®)] = kn(k?) = s(k)
T23 = T13 = 0

where yl(kz) indicates that x4 is a function of k2, etc. The normal stress differences
T11 — Ty, and T, — T3 are even functions of k (= rate of shear ), whereas the shear stress
function s(k) is an odd function of k.

8.18 Objective Rate of Stress

The stress tensor T is objective, therefore in a change of frame

T" = QHTQ"(¥) 8.18.1)
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Taking material derivative of the above equation, we obtain [note D/Dt* = D/Dt]

. T (8.182)
DT" _dQ. .7, ~DT.T daQ
Dr = aQ tOopQ +QT(dt)

The above equation shows that the material derivative of stress tensor T is not objective.

That the stress rate D T/Dt is not objective is physically quite clear. Consider the case of
a time-independent uni-axial state of stress with respect to the first observer. With respect to
this observer, the stress rate DT/Dt is identically zero. Consider a second observer who rotates
with respect to the first observer. To the second observer, the given stress state is rotating

respect to him and therefore, to him, the stress rate DT*/Dt is not zero.

In the following we shall present several stress rates at time ¢ which are objective
(A) Jaumann derivative of stress

Let us consider the tensor

Iz) = RI@OT@)R() (8.18.3)

We note that since R,(t) = R,T(t) = 1, therefore, the tensor J and the tensor T are the same at
time ¢. That is

I =T@) (1)
However, while DT/Dt is not an objective stress rate , we will show that
D)) (ii)
Dr =t

is an objective stress rate. To show this, we note that in Sect.8.12 , we obtained , in a change
of frame

R/ (r) = QOR()Q (1) (iii)

Thus,
¥ @ = RTOT @R (@) = QORI Q@) Q@ T@)Q 1) Q@R(()QT() (V)
=QU)[R/ (D) T(X)R()IQ(®) )

Thus,
F@ = Q)Q’ (1) (8.18.4)

and
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D_N_J"_(zl} _ [DNJ(T) e (8.18.5)
N = Q) Q' (1), N=123..
|: =t DNT =t

That is, the tensor J(z) as well as its material derivatives evaluated at time ¢, is objective.
The derivative

DT _[pix)] _|DPRET®R (%)) (8.18.6)
Dt B [ Dr ]T=t= Dr 1=

is called the first Jaumann derivative of T and the corresponding Nth derivatives are called
the Nth Jaumann derivatives. They are also called the co-rotational derivatives, because they
are the derivatives of T at time ¢ as seen by an observer who rotates with the material element
(whose rotation tensor is R).

We shall now show that

DT _ DT (8.18.7)
S =5 + TOWO-WOTE)

where W(¢) is the spin tensor of the element. The right side of Eq. (8.18.6) is

DIR@T@R ()] D Try ()
(RETOR O] DROyurc) vy ) + Ry 2
Evaluating the above equation at 7=t and noting that
R(1) = R{ (=1
and
DR()| (vii)
S
DR(()| 1. _ (v
[ Dr L=: =W ()=—-W(r)
we obtain immediately
D,T _ DT (ix)

i = D T TOWO-WOT(E)

(B) Oldroyd lower convected derivative
Let us consider the tensor

J.() = FI (@) T@)F () (8.18.8)
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Again, asin (A),

JL@) =T(@) (x)
and
Dl (v) (xi)
Dr =t

is an objective stress rate. To show this, we note that in Sect. 8.12 , we obtained , in a change
of frame

F;(7) = Q@F()Q (1) (xii)

Thus,

L@ = FT@T'@F @) = Q0F Q' Q@ T@)Q  MQE)F,)Q’ ()

= QUIF{ OTOF®IQT () (i)

Thus,
L&) = QL@ () (8.18.9)

and
[%—J:ﬁv@ 3 = Q() [BN;—[’;—SQJ thQT(t), N=123.. (8.18.10)

That is , the tensor Jy () as well as its material derivative evaluated at time ¢, is objective.
The derivative

DT _ [Dy®| _|DF@TEF (@)
o =[ = L:{ D L (8.18.11)

is called the first Oldroyd lower convected derivative. The Nth derivatives of J; are called
the Nth Oldroyd lower derivatives. Noting that

R(") = R (1)=1 (xiv)
and
[%QL‘ = (W0 o

it can be shown that
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DrcT _ DT 8.18.12
o =Dt TVWH(YY) Tt ( )
and
Lc - DLNCT (V Y+ (9v )T DgcT (8.18.13)
Dt Dt
Further, since
(W=D+W (xvi)
Equation (8.18.12) can also be written as
D;.T D,T 8.18.14
Lol . ¢ TD4+DT ( )

Dt~ Dt
where the first term in the right hand side is the co-rotational derivative of T given by Eq.
(8.18.7).

(C) Oldroyd upper convected derivative

Let us consider the tensor

L@ = F@OT@F (@) (8.18.15)
Again, asin (A) and (B),
() =T() (xvii)
and the derivatives
V1) (xvii)
—==1 , N=123...
=l

can be shown to be objective stress rates. [See Prob. 23] These are called the Oldroyd upper
convected derivatives.

Let
Dy T _ | DI(®) D[F; @) T@)F; T (2)] (8.18.16)
Dt Dr T=t_ Dr o
and note that
DF;! - (8.18.17)
i)r(r) —F @ )DF(r)Ft ®

one can derive
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DyT_DT (8.18.18)
Sy 2l rvy)T=(w)T

or more generally

DT (D) (DT DuNcT o (v | 2T DNT (8.18.19)
Dt \Dt}| Dt ( (
Again, using Eq. (xvi), Eq. (8.18.18) can also be written
Dy T _ Dcr (8.18.20)

5—=—p—(TD + DT)

where the first term in the right hand side is the co-rotational derivative of T given by Eq.
(8.18.7).
(D) Other objective stress rates

The stress rates given in (A)(B)(C) are not the only ones that are objectives. Indeed there
are infinitely many. For example, the addition of any term or terms that is (are ) objective to
any of the above derivatives will give a new objective stress rate. In particular, the derivative

(8.18.21)

is objective for any value a. We note that For a = +1, it is the Oldroyd lower convected
derivative and for a =-1, the Oldroyd upper convected derivative.

8.19 The Rate Type Constitutive Equations

Constitutive equations of the following form are known as the rate type nonlinear constitu-
tive equations:

T=-pl+7 (8.19.1a)

Dx D& DD (8.19.1b)
T+ '1171. + J.zz)t—z + ... =2u.D +,u27+

where D,/Dt, D%/Dt? etc., denote some objective time derivative and objective higher time

derivatives, ¥ is the extra stress and D is rate of deformation tensor. Equation (8.19.1) may
be regarded as a generalization of the generalized linear Maxwell fluid defined in Sect. 8.2.
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The following are some examples:
(a) The convected Maxwell fluid
The convected Maxwell fluid is defined by the constitutive equation

2 _op
A T#

D
where —= is the corotational derivative. That is

Dt
De,r D
Dr Bt— +TW-Wr
Example 8.19.1

(8.19.2)

(8.19.3)

Obtain the stress components for the convected Maxwell fluid in a simple shearing flow.

Solution. With the velocity field for a simple shearing flow given by

V1=kX2, v2=V3=0

the rate of deformation tensor and the spin tensor are given by

k k
0 5 0 (0 5 0
_ |k _|_%
D1=|5 0 0 Wi=|-5 0 0
0 0 Oj 0 0 0

Thus,

23 5713 0
I k- )
k
= |- k k
[We] g % _713}
L 0 0 0

(@)

(ii)

(iii)

(iv)
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[ k k]
—ktqp ZCu-22) ™3
k k
EW-Wil = S0t ki o I\
K, . 0
2 23 2 13 J

Since the flow is steady and the rate of deformation is a constant independent of position,
therefore, the stress field is also independent of time and position. Thus, the material derivative
Dx/Dt is zero so that Eq. (v) is the corotational derivative of ¥(see Eq. (8.19.3). Substituting
this equation into the constitutive equation, we obtain

T11—KAzp =0 (vi)
kA vii
T+ 5 (P — 7)) =k (i)
kA viii
T35t =0 (vili)
T+ KT =0 (ix)
T3+ %‘T 13=0 ®
t33=10 (xi)
From Egs. (viii) and (x), we obtain,
T13= 1'23 =( (Xil)
From Egs. (vi) and (ix), respectively
= ldflz (Xlli)
and
Ty = "dl'lz (XiV)
Using the above two equations, we obtain from Eq. (vii) the shear stress function z(k)
w(k) = 71 = ()
1+ K2
The apparent viscosity 7 is
103 i
=52 = & oD
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The normal stress functions are

_ 2ukA (xii)
=Ty~ Typ=—"T""55
1=Tn~I2="7"52
2
: —uka (xiii)
Oy = Ty—Tpy =
2 27133 1+ kzlz

(b) The Corotational Jeffrey Fluid
The corotational Jeffrey Fluid is defined by the constitutive equation
=-pl+7v (8.19.4a)

De,
Dt

T+ A1

LA D,D
=2u(D+h—p—) (8.19.4b)

Example 8.19.2

Obtain the stress components for the corotational Jeffrey fluid in simple shearing flow.

Solution. The corotational derivative of the extra stress is the same as the previous example,
thus,

r -

k k
—krp SCEu-TR) 53
e iad =[0] + EW-Wr] = k(r ~Ty) kt Er .
DT 2 11 2. 12 2 13 (l)
e ko
2 23 2 13
r 2 9
k
) 0 0
D, D _ _ k2 .
[ DT } =[0]}+ [DW-WD]=| ¢ > 0 (ii)
0 0 0

Substituting the above two equations and D from the previous example into Eq. (8.19.4), we
obtain

T11— klll T1p = —H 12k2 (lii)
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ki, (iv)
tpt 5 u-t)=pk
k 111 (V)
713 — T T3 = 0
T+ kll TR=H /12 k2 (Vl)
kA vii
Ty + —‘—1"[13 =( ( )
2
T3 =0 (viii)

Proceeding as in Example 8.19.1, we obtain the apparent viscosity # and the normal stress
functions as:

(k) = ‘512 1+44; k2 (ix)
B A%?

2 (A — ) K2 )
1+ 2362

b =) K (xd)

(c)The Oldroyd 3-constant fluid

The Oldroyd 3-constant model (also known as the Oldroyd fluid A) is defined by the
following constitutive equation:

T=-pl+t (8.19.52)

D
F A = g (D + 4,00 (8.19.5b)

where Dy, / Dt denote the Oldroyd upper convected derivative defined in Section 8.18. That
is

Dyt Dy i
l‘;’t’ D ~ @D + D7) @
and
D,P D,D i
DD _DoD _ o o (i)

Dt "Dt
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where again D, /Dt denote the corotational derivative. By considering the simple shearing
flow as was done in the previous two models, we can obtain that the viscosity of this fluid is a
constant independent of the shear rate k, i.e.,

nk) =p (iif)

The normal stress functions are:
01=Tii— T =280y ~ ) K (iv)
0= Tp— Tz = —2u (g — ) K )

(d)The Oldroyd 4-constant fluid
the Oldroyd 4-constant fluid is defined by the following constitutive equation:
T=-pl+7 (8.19.6a)

D, ¥ D,,D 8.19.6b
r+/11%t’—+yo(m )D=zu(n+/12—aL) ( )

We note that in this model an additional term x,(tr v )D is added to the left hand side. This
term is obviously an objective term since both ¥ and D are objective. The inclusion of this
term will make the viscosity of the fluid dependent on the rate of deformation.

By considering the simple shearing flow as was done in the previous models, we can obtain
the apparent viscosity to be

_ T 1+Auk’ @
Nk = = p—2
1+ ok
The normal stress functions are:
K A2 i
01=T11—T22=2#/11(l/(4‘2‘71) w
0,=Tn-Ty=0 (iif)

Part C Viscometric Flows of an Incompressible Simple Fluid

8.20 Viscometric Flow

Viscometric flows may be defined to be the class of flows which satisfies the following
conditions:
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(i) At all time and at every material point, the history of the relative right Cauchy-Green
deformation tensor can be expressed as

(o1 (8.20.1)

C(x) =1+ (1A + A,

(ii) There exists an orthogonal basis (n; ), with respect to which, the only nonzero Rivlin-
Erickson tensors are given by

0kO 000
[A]=1]k00 [A] = |0 2k2 0 (8.20.2)

000Ili 00 0

n.

The orthogonal basis {n; } in general depends on the position of the material element.

The statement given in (ii) is equivalent to the following: There exists an orthogonal basis
(m; ) with respect to which

A =k(N + NT) (8.20.3)
A, = 2NN (8.20.4)

where the matrix of N with respect to (n; ) is given by

010

[N]J={00 (8:20.5)
0

000
000

n;

In the following examples, we demonstrate that simple shearing flow, plane Poiseuille flow,
Poiseuille flow and Couette flow are all viscometric flows.

Example 8.20.1
Consider the uni-directional flow with a velocity field given in Cartesian coordinates as:
Vi =v(xy), vp=v3=0 ¢

Show that it is a viscometric flow. We note that the uni-directional flow includes the simple
shearing flow (where v(x,)=kx,) and the plane Poiseuille flow.

Solution. In Example 8.9.1, we obtained that for this flow, the history of C/(r) is given by
Eq. (8.20.1) and the matrix of the two non-zero Rivlin-Ericksen tensors A; and Aj, withrespect
to the rectangular Cartesian basis, are given by Eqgs. (8.20.2) where k = k(x,). Thus, the given
uni-directional flows are viscometric flows and the basis {n;} with respect to which,
A; and A, have the forms given in Eq. (8.20.2), is clearly given by
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np=e, Mm=e, n3=e (ii)

Example 8.20.2

Consider the axisymmetirc flow with a velocity field given in cylindrical coordinates as:
=0, v9=0, v,=v() (i)
Show that this is a viscometric flow. Find the basis {n; }with respect to which, A; and A, have
the forms given in Eq. (8.20.2).

Solution. In Example 8.9.2, we obtained that for this flow, the history of the right Cauchy-
Green deformation tensor C,(7) is given by an equation of the same form as Eq. (8.20.1)

where the two non-zero Rivlin-Ericksen tensors are given by

[0 0 k(D] )
[Aller,eo,ez =10 00 (i)
k)0 0],
) -
[-Zk (r) 00 i)
[A2]er,e9,ez = 0 00
i 0 0 0_ e epe,
Let
ng=e, m=e, N3=¢g (iv)
then
Ay, = Az A=Ay, (ADi=(A1))s etc
Then with respect to the basis {n; }.
0 k()0 0 0 0 )]
[Al]nl,nz,n:, = 1k(r) 0 0|, [A?.]nl,nz,n3 =10 Zkz(r) 0
0 00 0 0 0 .

Thus, this is a viscometric flow for which the basis {n; } is related to the cylindrical basis
(e, ,ep.e,) by Eq. (iv) [see figure 8.4].
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re—
N

Fig. 8.4

Example 8.20.3
Consider the Couette flow with a velocity field given in cylindrical coordinates as
vv=0, vg=v(®)=ro@), v,=0 @)

Show that this is a viscometric flow and find the basis {n; } with respect to which, A; and A,
have the forms given in Eq. (8.20.2).

Solution. For the given velocity field, we obtained in Example 8.9.3

2
(€] =[] + (1) k?r) 0 0| + i * 00 )
00 0 00
where

0= (8- st

The nonzero Rivlin-Ericksen tensors are
0 k(r) 0 %) 0 0 .
ileyepe, = |1) 00, Adeese.=| 0 o0 (iv)

00 0 00
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[‘t\n]el.,eg,ez =0 forn=3 )

Comparing Egs. (iv)(v) and (vi) with Egs. (8.20.2), we see that the Couette flow is a viscometric
flow. However, the basis {n;, ny, n3} with respect to which, A; and A, have the forms given

in Eq. (8.20.2), is

n=e, m=e, m=eg (vi)

8.21 Stresses in Viscometric Flow of an Incompressible Simple Fluid

When a simple fluid is in viscometric flow, its history of deformation tensor C,(t—7) is
completely characterized by the two non-zero Rivlin-Ericksen tensor Aj and A;. Thus, the
functional in Eq. (8.14.2) becomes simply a function of A and A,. That is

T=-pl+ A A (8.21.1)

where the Rivlin -Ericksen tensors A; and A, are expressible as
Ay =Kk(N +NT) (8212)
A, = 2#INTN (8.21.3)

where the matrix of N relative to some choice of basis n; is

010
[N]=1000 (8.21.4)
000

Furthermore, the objectivity condition, Eq. (8.14.5) demands that for all orthogonal tensors
Q

Qf(A1, A)Q” = RQA1Q”, QAQ7) (8215)

In the following, we shall show that for a simple fluid in viscometric flow, with respect the basis
n;,

Ti3=Ty3=0
and that the normal stresses are all different from one another.

Let us choose a orthogonal tensor Q such that

[Ql,, =

[T el
O =0
-0 0

Then,
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10 0] fo10][10 o] fo1o0
[QIINIIQ71=(01 o|[oo00|[01 of[=(000
00-1{|oo0o0| |00 -1 000

Also
10 o][ooo] {10 o] [oo0o0]
[QIN'NJQ"1=101 o||o10|[]01 o/=]010
00-1| [oo00| o0 -1 000

i.e., for this choice of Q,
ONQ” =N
and
oN"N)QT =NIN

Thus,
QA,Q7 = kQ(N + NN)QT = k(N + NT) = A,

and

QAQ7 = 22QINNYQT = 24NN = A,
Now, from Egq. (8.21.1), we have, for this particular choice of Q,
QTQ" = —p1+1QAQ", QA,Q") = —p1+1(A,, A
i.e., for this Q
QrQ’ =T
Thus,
Ty Tip Ti3| 4 Ty Ty T3

10 0 0 0
01 0| |TaTnTys| {01 0|=|TnTxn Ty
00 -1 |T3 T3, T53| |00 -1 T3 T3 Ts3

Carrying out the matrix multiplications, one obtains
Ty Ty —Tis Ty Tz Tis
Ty Tyn -Ty|=|Txn Tn Tn
T3 Ty T3 T3 T3 T3
The above equation states that
Ti3=Tx3=0

=[N]

= IN'N]

(ii)

(iif)

(iv)

V)

(vi)

(vii)

(viii)

(ix)

®)

(xi)

(8.21.6)



522 Stresses in Viscometric Flow of an Incompressible Simple Fluid

Since A; and A, depend only on k, therefore, the nonzero stress components with respect
to the basis n; are:

Ty = (k) (xii)
Ty = -p + a(k) (xiii)
Ty =~p +Bk) (xiv)
T3 = ~p +y(k) (xv)
where @, 8, and y are functions of k. Defining the normal stress functions by the equations
0,=T— Ty, (8.21.7)
0,=Ty—Tx (8.21.8)
We can write the stress components of a simple fluid in viscometric flows as follows
Tz = t(k) (8.21.9)
Ty =Ty +oy(k) (8.21.9b)
Ty = T3 + 03(k) (8.21.9¢)
and
Ti3=Ty=0. (8.21.9d)

As mentioned earlier in Section B, the function z(k) is called the shear stress function and
the function 0y(k), and 0,(k) are called the normal stress functions. {we recall that other
definitions of the normal stress functions such as those given in Eq. (8.15.9) have also been
used). These three functions are known as the viscometric functions. These functions, when
determined from the experiment on one viscometric flow of a fluid, determine completely the
properties of the fluid in any other viscometric flow.

It can be shown that

(k) = —1(k) (8.21.10)
oy(—k) = oy(k) (8.21.11)
0x(—k) = o3(k) (8.21.12)

That is, 7 is an odd function of k, while ¢; and o, are even functions of k.

For the fluid in simple shearing flow, k is a constant so that all stress components are
independent of spatial positions. Being accelerationless, it is clear that all momentum equa-
tions are satisfied so long as k remains constant. For a Newtonian fluid, such as water, the
simple shearing flow gives
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w(k) =pk, oy(k)=0, 0,=0 (821.13)

For a non-Newtonian fluid, such as a polymeric solution, for small k, the viscometric functions
can be approximated by a few terms of their Taylor series expansion. Noting the 7 is an odd
function of k, we have

2(k) = pk + pyf + ... (8.21.14)
and noting that 01 and o, are even function of k, we have

o1 =51k + . (821.15)

Oy =it .. (821.16)

Since the deviation from Newtonian behavior is of the order of k2 for o, and 0y and of k3 for

7, therefore, it is expected that the deviation of the normal stresses will manifest themselves
within the range of k in which the response of the shear stress remains essentially the same as
that of a Newtonian fluid.

8.22 Channel Flow

We now consider the steady shearing flow between two infinite parallel fixed plates. That
is,
V= v(x2), Vy =V3 = 0 (8.22.1)
with
W :E) -0 (8.22.2)
2
We saw in Section 8.20 that the basis n; for which the stress components are given by
Egs. (8.21.9), is the Cartesian basis. ¢;. That is, with k(x) = dv/dxy
T = k), T3 =713=0, Ty =7y +0y(k), T =T33 + Ox(k) (8.22.3)

Substituting the above equation in the equations of motion, we get, in the absence of body
forces, [noting that k depends only onx; ]

_p [ Fn_, ¥m p  p_, @
ax 1 6x2 ’ ax2 31’2’ 6x3

Differentiating the above three equations with respect to x;, we get

9.9 _9 9p_9 0p_, (if)
ax1 axl GX2 axl 6X3 3xl
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Thus, - ;—f— = a constant. Let this constant be denoted by f , which is the driving force for
1

the flow, we have,

_op _ _ £ (8.22.4)
axl
Now, the first equation in Eq. (i) gives
ok _p _, (i)
axp,  dxy
so that
t(k)=—fx; (8.22.5)

where the integration constant is taken to be zero because the flow is symmetric with respect
to the plane x, = 0. Inverting Eq. (8.22.5), we have,

k=1 ~fx2) =y(~fr2) = ~y(fx2) (8.22.6)
where y(S), the inverse function of z(k), is an odd function because 7(k) is an odd function,
Since k(x,) = dv/dx, , therefore, the above equation gives

dv (8.22.7)
dX2 = Y(fo)

Integrating, we get
7} (8.22.8)
vrg) =~ f RAENES
2

For a given simple fluid with aknown shear stress function z(k), y(S) is also known, the above
equation can be integrated to give the velocity distribution in the channel. The volume flux
per unit width Q is given by

>

2 (8.22.9)
o=/ . v(x2)d x2

2

Equation (8.22.9) can be written in a form suitable for determining the function y(S) from an
experimentally measured relationship between Q and f. Indeed, integration by part gives

h/2 h/2 h/2 i
dv @iv)
Q = X2 v(x2)] - X2 dv=— f X2 —_dx de
-h/2 - ~h/2 2
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Using Eq. (8.22.7), we obtain

h/2 h/2 )
o= sz(fxz)dx2=lf Sy(8)d s
Zhr2 Ty
or,
2 h/2
0= jg Sy(8)dS (8.22.10)
Thus,
W Q) _, [tk (fh) (k (vi)
o “\2)%2) \2
so that
h, 2
(f T2 :f () (8.22.11)

Now, if the variation of Q with the driving force f (the pressure gradient), is measured
experimentally, then the right hand side of the above equation is known so that the inverse
shear stress function y(S) is obtained from the above equation.

Example 8.22.1

Use Eq. (8.22.8) to calculate the volume discharge per unit width across a cross section of
the channel for a Newtonian fluid.

Solution. For a Newtonian fluid,

S=(k) = uk, so that k = g = () (i)

Thus,
n~fy =L )

X, 21%, 2 2
= b, __|fX - _f|®2_h
vo) = ‘—rh/z = [" 2] w2 P [2 8 ] 0
and

e By 2] Lt (i)
- _!d/;(_f/7>dx - [‘“ 3] a2 1% '
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8.23 Couette Flow

Couette flow is defined to be the two dimensional steady laminar flow between two
concentric infinitely long cylinders which rotate with angular velocities €2; and Q. The

velocity field is given by
v,=0, vg=v({r)=ro(), v,=0 (8.23.1)

and in the absence of body forces, there is no pressure gradient in the 6 and z directions.

In example 8.20.3, we see that the Couette flow is a viscometric flow and with

np=e, Mm=e, N =¢ (i)
the nonzero Rivlin-Ericksen tensors are given by
0 knO .
[Alleo,er,ez =1kr) 0 0 (if)
0 00
0 0 0 s
[A2dese e, = [0 %) 0 (i)
0 0 0
where
ko) =r2 (i)
Thus, the stress components with respect to the basis {n;} are given by (see Section 8.21)
gy = (k) (8.23.2)
Tog — T = O1(k) (8.23.3)
Ty = Ty = O(k) (8.23.4)
T,=175=0 (8.23.5)

where 7(k), 01(k), and o,(k) are the shear stress function, the first normal stress function and
the second normal stress function respectively. These three functions completely characterize
the fluid in any viscometric flow, of which the present Couette flow is one. For a given simple
fluid, these three functions are assumed to be known. On the other hand, we may use any one
of the viscometric flows to measure these functions for use with the same fluid in other
viscometric flows.

Let us first assume that we know these functions, then our objective is to find the velocity
distribution, v(r) and the stress distributions 7;;(r) in this flow when the externally applied

torque M per unit height in the axial direction is given.
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In cylindrical coordinates, the equations of motion are

dr,, 5 (8.23.6)

1 dp _
el (") mi

1d, 2 . _ (8.23.7)
rdr(r 70) = 0

The z-equation of motion is identically satisfied, in view of Eq. (8.23.5) and the fact that 7,
does not depend on z.

Equation (8.23.7) gives
)

T =

Tl

where C is the integration constant. The torque per unit height of the cylinders needed to
maintain the flow is clearly given by

M=Qrregr (8.23.8)
thus,
=M (vi)
¢= 2n

Now, to find the velocity distribution v(r), from the known shear stress function z(k), we first
note that 7, = 7(k) so that by Eq. (8.23.8), we have
M (vii)

2.7tr2

(k) =

Now, we wish to determine the function k(r) =r do(r) in Couette flow. To do this, we let

dr
S(r) = 1(k(r)) (8.23.92)
and
k(r) = y(8(r)) (8.23.9b)

where (8) is the inverse of the functionr(k), and is therefore a known function when the
function t(k)is known.

Since k(r) = r‘%, therefore, from Eq. (8.23.9b), we have
A — y(s) i)

where from Egs. (vii) and (8.23.9a),
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M
S§S=—
2
Now,
do _dodS _do(M)| (=2) M 2dow _
dr — dS dr  dS\2n Al o das ~
Thus,
d dw
Y(S) =25 ¢
from which we have
_¥S)
28 ds
Integration of the above equation gives
M
2nr
o) =@, - 1f OFR
2R

(ix)

*)

(xi)

(xii)

(8.23.10)

where €21 is the angular velocity of the inner cylinder. For given ¥(S), the above equation gives

the desired function w(r) from which vg = rw(r) can be obtained.

Next, we wish to obtain the normal stresses T, at the two cylindrical surfaces

r=R1andr=R2.
From the r-equation of motion, Eq. (8.23.6), we have
dT _ 2
T + (t — Tgg) = —1pW
That is, using Eq. (8.23.3)

dr, o1 2
— — == —rpw
dr r P

Integrating, we get

T lr)~To(Ry) = f —dr pf ro’dr

r=R, r=R,

In particular,

(xiii)

(xiv)

(xv)
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R R
[- TR~ [-TRD] = pf : o} dr - i %dr (8.23.11)
R, R,

In the right hand side of the above equation, the first term is always positive, stating that the
centrifugal force effects aiways make the pressure on the outer cylinder larger than that on the
inner cylinder. On the other hand, for a fluid which has a positive normal stress function 74,
the second term in the above equation is negative, stating that the contribution to the pressure
difference due to the normal stress effect is in the opposite direction to that due to the
centrifugal force effect. Indeed, all known polymeric solutions have a positive G; and in many
instances, this normal stress effects actually causes the pressure on the inner cylinder to be
larger than that on the outer cylinder.

We now consider the reverse problem of determining the material function y(S) and
therefore 7(S) from a measured relationship between the torque M needed to maintain the
Couette flow and the angular velocity difference Q, — Q.

Since
M .
=2 (xvi)
27R7
therefore,
» .
. M M (R (xvii)
g = |2
2R5  27R: |\ R2
That is
T2 = ﬂl’l (XVlll)
where
_ R ? . (xix)
ﬂ - R2 <
Now, from Eq. (8.23.10), we have
3 8.23.12
AQ=[ U84 212
7 25
where
AQ = Qz - 92 (XX)

and
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1=

andr, =
2R3 2R3

Differentiating the above equation with respect to M gives

ZM—' =y(v)—¥(%2)
Using Eq. (xix), we have
ZM— = (r)—y(Bry)
Defining
I'(z1) =¥(z1) — v(Br1)
we have,
dAQ
ZM—W = I‘(rl)
ie.,
dAQ M
M oM =T 2m R%]

(xxi)

(8.23.13)

(8.23.14)

(8.23.15)

(8.23.16)

(8.23.17)

Equation (8.23.17) allows the determination of I'(z1)from experimental results relating AQ

with M. To obtain y(S) and therefore t(k), from I'(r,) , we note the following

I(zy) = y(r1) — v(Bry)
T(Bry) = y(Bry ) — v(B7r1)

T(B%1) = y(B7r1) - ¥Bry)
Thus,

N
3 1) = ya)-vE ')

n

Since 8 <1, limBN* 10, y(8N*r;)> ¥(0)=0, therefore,
N-»w

) = > T@")
n=0

(xxif)
(xxiii)

(xxiv)

(xxv)

(8.23.18)
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Thus, from the known function I'(7), the above equation allows one to obtain the inverse shear
function y(§) from which the shear function 7(S) can be obtained.

If the gap R,—R; is very small, the rate of shear k will be essential a constant independent
of r given by
R1AQ
TR-Ry

Thus, k = y(z1) leads to

M . RiAQ (8.23.19)
Y"Gar) Ry - R,

By measuring the relationship between M and AQ, the above equation determines the inverse
shear stress function y(S).
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PROBLEMS

8.1. Show that for an incompressible Newtonian fluid in Couette flow, the pressure at the outer
cylinder (r = R, ) is always larger than that at the inner cylinder. That is, obtain

Ry
[~T(Rp)] — [~ THR)] = p fR r o’ (dr

8.2. Obtain the force-displacement relationship for N-Maxwell elements connected in parallel.
Neglect inertia effects.

8.3. Obtain the force-displacement relationship for the Kelvin-Voigt solid which consists of a
dashpot (with damping coefficient #) and a spring (with spring constant G ) connected in
parallel. Also, obtain its relaxation function. Neglect inertia effects.

8.4, Obtain the force-displacement relationship for a dashpot (damping coefficient 7,) and a

Kelvin-Voigt solid ( damping coefficient # and spring constant G, see the previous problem )
connected in series. Also, obtain the relaxation function.

8.5. A linear Maxwell fluid, defined by Eq.(8.1.1), is between two parallel plates which are one
unit apart. Starting from rest, at time¢ = 0, the top plate is given a displacementu = v, ¢ while

the bottom plate remains fixed. Neglect inertia effects, obtain the shear stress history.

8.6. Obtain Eq.(8.3.1) by solving the linear, nonhomogeneous ordinary differential equation
Eq.(8.1.1b).
8.7. Show that for the linear Maxwell fluid defined by Eqs. (8.1.1)

{
J o~ yenar =t

where ¢(f) is the relaxation function and J(¢) is the creep compliance function.

8.8. Obtain the storage modulus and loss modulus for the linear Maxwell fluid with a
continuous relaxation spectrum defined by Eq.(8.4.1).

8.9, Show that the viscosity # of a linear Maxwell fluid defined by Eqs. (8.1.1) is related to the
relaxation function ¢(¢) and the memory function f(s) by the relation

p=J o@ys =~ sfisds

8.10. Show that the relaxation function for the Jeffrey’s model, Eq.(8.2.5) with a, = 0 is given
by

b bi \ —ua  2b
#0) = 2 (15 ) e T+ 0]

where J(t)is the Dirac function.
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8.11. For the following velocity field, obtain (a) the particle pathline equation using the current
time as the reference time, (b) the relative right Cauchy-Green deformation tensor and (c)
the Rivlin-Ericksen tensor.

vi=0, vy=v(x), v3=0

8.12. Given the velocity field

vi=—kx;, vp=kxp v3=0
(a) Obtain the relative right Cauchy-Green deformation tensor.
(b) Using Eq.(8.9.2), obtain the Rivlin-Ericksen tensors.
(c) Obtain the Rivlin-Ericksen tensors from the recursive equation, Eq.(8.10.3).
(d) Is this velocity field a viscometric flow?
8.13. Do the previous problem for the velocity field

vi=kxy, vp=kxy v3=-2kx
8.14. Given the velocity field
vi=kx; vp=kx;, v3=0

(a) Obtain the pathline equations using the current time as the reference time.
(b) Obtain the relative right Cauchy-Green deformation tensor.
(¢) Using Eq.(8.9.2) to obtain the Rivlin-Ericksen tensor.
(d) Using Eq.(8.10.3) to obtain the Rivlin-Ericksen tensor.
8.15. Given the velocity field

vi=—kxy, vy=kxy v3=0
(a) Obtain the stress field T for a Newtonian fluid.
(b) Obtain the co-rotational derivative of the stress tensor T.
(c) Obtain the upper convected derivative of the stress tensor T.
(d) Obtain the lower convected derivative of the stress tensor T.
8.16. Do the previous problem for the following velocity field

vi=kxy, vy=kxp v3=-2kx;

8.17. Given the velocity field

vi=—kx;, va=kx; v3=0
(a) Obtain the stress field T for a second-order fluid.
(b) Obtain the co-rotational derivative of the stress tensor T.
(c) Obtain the upper convected derivative of the stress tensor T.

(d) Obtain the lower convected derivative of the stress tensor T.
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8.18. Do the previous problem for the following velocity field
vi=kxy, vp=kxy v3=-2kx;
8.19 . Derive Eqs.(8.8.4).
8.20. Derive Egs. (8.8.9b) and (8.8.9¢).
8.21. Derive Eq. (8.10.3).
8.22.Derive Eq. (8.18.5)
8.23. Show from Eq.(8.18.15), that Oldroyd’s upper convected derivative is objective.
8.24. The Reiner-Rivlin fluid is defined by the constitutive equation
T=—-pl+7
T =¢1(B)D + g2l )’

where I; are the scalar invariants of D. Obtain the stress components for this fluid in a simple
shearing flow.

8.25. The exponential of a tensor A is defined as

epr—I+zi'

If A is an objective tensor, is exp A also ob]ectlve?
8.26. Why is it that the following constitutive equation is not acceptable?
=—-pl+r
T =a(Vv)
where v is the velocity vector and & is a constant.

8.27. Let da and dA denote the differential area vector at time 7 and at time ¢ respectively. For
an incompressible fluid, show that

2 ~1
DNda} =dA'[MCt ] dA = —dA-MydA
=t 1=t

DN

where da is the magnitude of dA. and the tensor My are known as the White-Metzner
tensors

8.28. (a) Verify that Oldroyd’s lower convected derivatives of the identity tensor are the
Rivlin-Ericksen tensors A .

(b) Verify that Oldroyd’s upper convected derivatives of the identity tensor are the negative
White-Metzner tensors (see Prob. 8.27).

8.29. Show that the derivative given in Eq.(xviii) of Section 8.18 is objective.
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8.30. Obtain Eq. (8.18.12) for Oldroyd’s lower convected derivative.

8.31. Obtain Eq.(8.18.18) for Oldroyd’s upper convected derivative.

8.32. Show that the lower convected derivative of the first Rivlin-Ericksen tensor A is the
second Rivlin-Ericksen tensor A,.

8.33. Consider the following constitutive equation
225 _oup
T AAg=2u
D,x D7
Dt Dt
and the two normal stress functions for this fluid. We note that a = 1 corresponds to
Eq.(8.18.4) and = —1 corresponds to Eq.(8.18.20).

8.34. Let Q be a tensor whose matrix with respect to the basis n; is

-100
[Q]ni= 010
001

(a) Verify the following relations for the tensor N whose matrix with respect to n; is given by
Eq.(8.20.5): QNQ” = —N and QN'NQ = NTN
(b) For A; and A, given by Eq.(8.20.3) and Eq.(8.20.4), verify the relations

where +a(Dr +vD) anda is a constant. Obtain the shear stress function

QA;Q7 = -A; and QA,QT =4,
(¢c) From T = —pI + f(A;, Ap) where Ay, and Aj are given by Eq.(8.20.3) and (8.20.4) and

Qf(A1,A2)Q" = 7QAQ”, QA,Q")
show that
QT()Q" = T(~k)
(d) From the results of part (c), show that the viscometric functions have the properties
t(k) = —t(=k), 01(k) = 01(—k), 0a(k) = 0x(~k)
8.35. For the velocity field given in Example 8.20.2, i.e.,
v,=0, vg=0, v,=y(r),

(a) Obtain the stress components in terms of the shear stress function 7(k) and the normal
stress functions 04(k) and o,(k) , where k = dv/dr. (b) Obtain the following velocity distribu-
tion for the Poiseuille flow under a pressure gradient of —f:

R
v =[ y(%)dr
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where y is the inverse shear stress function

(c) Obtain the relation

y (&) (i)
2 7 R3f2 af

where Q is the volume flux.



