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Abstract. In this work, it is studied the mixed convection in an inclined rectangular channel. 
A constant-flux heat source q of finite length is placed on the lower surface of the channel, 
while its remaining part is adiabatic. The upper surface in contact with the fluid is kept at a 
constant cold temperature Tc . At the inlet, it is imposed a constant velocity profile Uo as well 
as a constant temperature To profile. The ranges performed have been as follows: 1≤Re≤500, 
103≤Gr≤105, and 0°≤γ≤90°. The set of governing equations have been discretized and solved 
using the Galerkin finite element method with the Penalty formulation in the pressure terms 
and the Petrov-Galerkin perturbations in the convective terms. Two comparisons have been 
performed to validate the computational code. It has been shown that the effect of the 
inclination angle on the velocity and temperature distributions plays an important role on the 
heat transfer for low Re and high Gr. For high Re, the effect of the orientation is negligible. 
In general, it has also been discovered that an inclination angle around 60° and 75° provide 
the most desirable work conditions when cooling is aimed. Some cases have presented the 
reversed flow for low Re and high Gr. The flow reversal does not noticeably influence the 
heat transfer coefficient on the module. The results shown here encourage the use of inclined 
boards in cabinets, however some other geometrical aspects should be accounted. 
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1 INTRODUCTION 
 

Knowledge in natural, mixed, and forced convection in inclined channels, has been 
accumulated in previous works in literature because of its practical applications including 
electronic systems, high performance heat exchangers, chemical process equipments, 
combustion chambers, environmental control systems, and so forth. These kinds of flows are 
complex because they involve separations, re-attachments, and recirculations of the flow 
influenced by changes in the geometry and by the presence of thermal conditions. For 
instance, in a channel with a pressure-driven external flow, the increasingly high heat flux 
from electronic modules heightens the possibility of complex flows due to the buoyancy 
effects. It is important therefore to understand the interaction between buoyancy-induced flow 
and pressure-driven external flow, and the corresponding heat transfer features in a channel. 

Bae and Hyun1 carry out a study for the time-dependent laminar natural convection air 
cooling in a vertical rectangular enclosure with three discrete flush-mounted heaters. The 
results show the influence of the time-dependent thermal condition of the lowest-elevation 
heater on the temperature of the other heaters. The evolutions of global flow and temperature 
fields are exemplified to provide physical interpretations. The study emphasizes that the 
transient-stage temperatures at the heaters can exceed the corresponding steady-state values. 
This is relevant to practical design of electronic devices. 
 Madhavan and Sastri2 demonstrate a parametric study for a conjugate natural convection 
cooled substrate mounted heat sources placed inside an enclosure. This particular situation has 
direct relevance in electronic cooling applications. It is found that Ra, Pr, and enclosure 
boundary condition affect strongly the fluid flow and heat transfer characteristics. It is 
concluded that non-dimensional temperature is maximum for Pr = 150. Numerical correlation 
for maximum protrusion temperature and Nusselt number are presented for a wide range of 
Pr, Ra, and enclosure boundary conditions. 
 Choi and Ortega3 investigate numerically using the finite difference method the effects of 
laminar forced flow on buoyancy-induced natural convection cells throughout the regions of 
natural, mixed, and forced convection for parallel planes channel with a discrete heat source. 
Emphasis is placed on the influence of the inlet flow velocity and the inclination angle of the 
channel, and the local buoyancy induced by the discrete source. The results indicate that the 
overall Nusselt number of the source strongly depends on the inclination angle (γ- according 
to their convention- 0° corresponds to the vertical aiding position) in the natural and mixed 
convection regimes when γ > 45°. On the other hand, the changes in Nu and θmax are 
negligible when the channel is from 0° to 45°, i.e., there is no significant penalty in heat 
transfer due to the inclination of the channel up to γ = 45°. As Gr increases at a fixed Re, an 
entrainment of the air from the downstream exit is observed for the case of aiding flow. This 
paper is taken as the basis for the present work which studies the thermal and flow pattern in 
more detail for more inclination angles between 0° and 90° (according to the present work 0° 
represents the horizontal position and 90°, the vertical aiding one). Peterson and Ortega4 
present a complete review of the channel flow problem applied to electronics. 

Conjugate mixed convection from a discrete thermal source or multiple sources in a 
rectangular cavity is investigated by Papanicolau and Jaluria5,6. They observed that the 
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location of the source on the right vertical wall is the most favorable in terms of cooling, and 
that oscillatory flow and thermal fields may develop in the enclosure depending on the 
relative location of the components at high inputs by the components. 
 Kennedy and Zebib7 present results on the effects of free and forced laminar horizontal 
channel flow with a discrete heat source located on either the upper or the lower wall, and two 
heat sources on both walls. They suggest several guidelines for their thermal design of the 
electronic packages based on a comparison of the results.  
 The present work carries out the influence of the buoyancy-assisting flow in a single 
inclined channel with a discrete source. Vertical and horizontal channels are also considered. 
Special emphasis is given to the maximum surface temperature on the module in addition to 
the overall heat transfer features due to the importance of the thermal control in electronic 
packages to keep the component temperature below the manufacturer�s maximum specified 
operating temperature. 
 
2 PROBLEM DESCRIPTION 
 
 In this work, it is studied the mixed convection in an inclined rectangular channel with 
height H and length L. A constant-flux heat source q of finite length B is placed between x1 
and x2 on the lower surface of the channel, while its remaining part is adiabatic. The upper 
surface in contact with the fluid is kept at a constant cold temperature Tc . At the inlet, it is 
imposed a constant velocity profile Uo as well as a constant temperature To profile. As for the 
open boundary condition OBC, it is considered to be convective and time dependent. In fact, 
in the method applied here, the open boundary conditions are arranged in a way that they are 
calculated. Therefore, nothing is directly applied at the open boundary. Throughout this work 
the geometry studied has x1 = 5H, x2 = 6H, B=H, and L = 15H. The temperatures To and Tc 
are assumed to be the same. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

Figure 1. Channel geometry and boundary conditions. 
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3 PROBLEM FORMULATION 
  

The problem governing equations are given by the equations of mass conservation, 
Navier-Stokes, and energy. Being that u and v are the velocity components, T is the fluid 
temperature, t� is the time field, TD  is the thermal diffusivity, Tβ  is the thermal expansion 
coefficient, ν  is the kinematic viscosity, g is the gravitational acceleration, 0ρ  is the fluid 
density and 0T  is the reference temperature taken as T0 = Tc. 

Under the Boussinesq approximation and the following dimensionless parameters: 
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where Fr, Pr, Gr, Re, Um , and µ  are, respectively, the Froude number, the Prandtl number,  
the Grashof number, the Reynolds number, the average velocity, and  the dynamic viscosity, 
the dimensionless governing equations can be cast into the following form: 
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The boundary conditions are as follows: 
 

0VU == (all walls); 0θ= (entrance and upper wall); 1U = (entrance) 

Y∂
θ∂

Pe
1 - q =  with 1 -

Y∂
θ∂

= (on the source module). 
 

       By applying the Petrov-Galerkin formulation to the equations above, Eqs. (2) to (5), 
together with the Penalty technique , the weak form of the conservation equations i as 
follows: 
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where the dependent variables are approximated by: 
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Ni and Nj  denote the linear shape functions forΦ , that is,  for U, V, and θ , and Mk denotes 
the shape functions for the constant piecewise pressure. ijP  are the Petrov-Galerkin 
perturbations applied to the convective terms only. The terms ijP  are defined as follows: 
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where γ is the element Péclet number, V  is the absolute value of the velocity vector that 
represents the fluid average velocity within the each element, h  is the element average size, 

Pe/1εRe,/1ε 21 == , and λ  is the Penalty parameter which is considered to be 109. The time 
integration is by a semi-implicit backward Euler method. Moreover, the convective terms are 
calculated explicitly and the viscous and Penalty terms implicitly.  The temperatures and 
velocities are interpolated by using the four-noded quadrilateral elements and the pressure by 
the one-noded ones. Finally, the reduced integration is applied to the penalty term to avoid 
numerical locking.  

The average Nusselt number along a surface S can be written as: 
 

 ∫ 
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The algorithm is validated by comparing the results of the present work with both the ones 
obtained in experimental and numerical investigations. Figures (2) and (3) show the 
geometries and the boundary conditions used in the first and second comparisons, 
respectively. 
 The first comparison is accomplished not only by using the experimental results presented 
by Lee and  Mateescu8 and Armaly9 et al., but also by the numerical ones achieved by Lee 
and  Mateescu8, Gartling10, Kim and Moin11, and  Sohn12. The air flow of the present 
comparison analysis is taken as bidimensional, laminar, incompressible, and under the 
unsteady regime. The domain is a horizontal upstream backward-facing step channel whose 
inlet has a fully developed velocity profile given by u = 24y(0.5-y) U   and  v = 0 in which Re 
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= 800. The computational domain is shown in Fig. (2) where all walls are under the no-slip 
condition.  
 

 
 
 
 
        
 

Figure 2. Geometry and boundary conditions for the first comparison. 
 
Table (1) shows the results from the first comparison for the flow separation distance Xs 

on the upper surface and its reattachment distance Xrs. As for the bottom surface, the 
comparison is made on the reattachment distance Xr. As it can be noticed, the results of the 
present work agree well with the ones from the literature. 
 

Table1. Comparison of computed predictions and experimental measurements of dimensionless lengths (with 
respect to the channel height) of separation and reattachment on upper and lower walls. 

 

Experimental results                        Computed results 
 
 

                    Length 
on 

Lee and 
Mateescu8  

Armaly9 et 
al.  

Present 
prediction 

Gartling10´s 
prediction 

Kim & 
Moin11  

Lee and 
Mateescu8  

Sohn12 

 

Lower 
Wall xr 6.45 7.0 5.75 6.1 6.0 6.0 5.8 

Upper Wall xs 5.15 5.7 4.95 4.85 - 4.8 - 
 xrs 10.25 10.0 9.9 10.48 - 10.3 - 
 xrs-xs 5.1 4.3 4.95 5.63 5.75 5.5 4.63 
Reynolds  805 800 800 800 800 800 800 
Hd/Hu  2 1.94 2 2 2 2 2 
 

The second comparison is performed with the numerical results shown by Comini13 et all. 
The contrasting study is carried out by considering a problem involving mixed convective 
heat transfer with the flow being bidimensional, laminar, and incompressible in the unsteady  

 
 
 
 
 
 

 
 
 
 
 

Figure 3. Geometry and boundary conditions for the second comparison. 
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regime. In this case, some values are chosen such as Re=10, Pr = 0.67, and  Fr = 1/150. The 
grid has 4000 quadrilateral four-noded elements with 1.0x∆ = , 15.0y∆ = , 01.0t∆ =  and 1000 
iterations. Figure (4) displays the average Nusselt number on the upper surface versus time. 
After  approximately iteration 500, the regime turns to be periodic with the average Nusselt 
number on the upper wall oscillating around a mean value of 2.44. This value agrees 
satisfactorily with the one found by  Comini13 et all which is 2.34, resulting in a deviation of 
about 4%. 

 

 
 
 
 
 
 
 
 
  
                   

 
 

 
Figure 4. Average Nusselt number Nu measured along the upper surface versus time for a Poiseuille flow heated 

from below. 
 
4 RESULTS 
 
  Figure (5) shows the isotherm distributions considering the ranges for the Reynolds 
number (Re), the Grashof number (Gr), and the inclination angle, respectively, as 1 ≤ Re ≤ 10, 
103 ≤ Gr ≤ 105, and 0° ≤ γ ≤90°. By observing the isotherms from Fig. (5), the orientation of 
the channel has a significant effect on the temperature distribution for lower Re, that is, Re = 
1, 5, and 10. This effect is even stronger when Gr increases. Later on this paper, this effect on 
the Nusselt number will be seen. On the other hand, for higher Reynolds over 50 or so (not 
shown in Fig. (5)), the inclination angle has a weaker effect on the temperature distributions.  
 Figure (6) shows the effect of the source module on the velocity distributions for the 
horizontal cases (γ = 0°) with Re = 1, 5, and 10, considering Gr = 105. It can be noted that in 
the natural convection regime, the  thermal  plume  is  approximately  symmetric  about  the 
centerline of the module (Fig. 5). In the plume region there are two opposite recirculating 
cells almost symmetric. Moreover, as Re increases the plume shifts and stretches towards the 
downstream. This effect features how the natural convection starts to vanish, giving place to 
the mixed convection. If Re increases more, for instance, Re ≥ 100 (not shown in Fig. (6)), the 
forced convection dominates the flow pattern and the heat transfer process.  

One can note in the temperature distribution along the module in Fig. (7), for Gr = 105, 
and Re= 1, 5, 10, the transition from the natural convection to the mixed convection. As Re is 
higher, the maximum temperature on the module decreases. This is due to the fact that when 
higher velocities are present, the cell recirculation gets further from the module allowing a 
bigger contact of the cold fluid with the module.  
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Figure 5. Isotherms for Gr = 103, 104, 105; Re = 1, 5 , 10; and γ = 0°, 15°, 30°, 45°, 60°, 75°, 90°. 
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Figure 6. Velocity distributions for Gr = 105, γ = 0°, and Re = (a) 1, (b) 5, and (c) 10. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 7. Module temperature distributions for Gr = 105, γ = 0° and Re = 1, 5, and 10. 
 

 Figure (8) depicts the velocities for Gr = 105 and Re = 1, 5, and 10, for γ = 45°. As Re 
increases, the clockwise recirculating cell tends to vanish, whereas the anticlockwise ones 
tend to dominate to an extent that reversed flow exists at the exit. The presence of the flow 
reversal does not necessarily imply an increase of the Nusselt number on the module. It is 
interesting to observe the formation of secondary recirculating cells in Fig. (8c), and that as a 
result of this formation, the corresponding isothermal lines are distorted, as shown in Fig. (5). 
In Fig. (8b) the reversal flow is almost happening. Comparing Fig. (8) with Fig. (6), there is a 
subtle difference in the velocity vectors, hence showing the effect of the orientation of the 
channel. 
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Figure 8. Velocity distributions for Gr = 105, γ = 45°, and Re =  (a) 1, (b) 5, and (c) 10. 

 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
 

Figure 9. Module temperature distributions for Gr = 105, γ = 45° and Re = 1, 5, and 10. 
 

In Figure (9), the temperature distributions along the module are shown for the cases from 
Fig.(8a-c). In a general way, the maximum temperature on the module decreases for the three 
cases. It must be remembered that the ideal work conditions in equipments with electronic 
circuit boards are those in which the module presents the lowest values for the maximum 
temperature. Therefore, having these conditions in mind, the increase of the inclination angle 
provides lower values for the maximum temperature.  
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 Figure (10) presents the velocity distributions for Gr = 105, Re = 1, 5, and 10, but now with 
the channel on the vertical position, γ = 90°. It can be noted that for all the values of Re, there 
is a flow reversal at the outlet that is stronger than the reversed flow for γ = 45°. For each of 
these three cases in Fig. (10) , there is a secondary recirculating cell.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 10. Velocity distributions for Gr = 105, γ = 90°, and Re =  (a) 1, (b) 5, and (c) 10. 
 

 Figure (11) shows that there is not a significant difference in the temperature on the 
module for the Reynolds values Re = 1, 5, and 10; Gr = 105, and γ = 90°.  
 Figure (12) makes a comparison of the Nusselt numbers for 1 ≤ Re ≤ 500, 0° ≤ γ ≤ 90° and 
for the three Grashof numbers Gr =103, 104, and 105. These results are in good agreement 
with those found by Choi and Ortega3. In the work of Choi and Ortega3 it was observed 
according to the �five percent deviation rule� suggested by Sparrow14 et al., that the natural, 
mixed, and forced convection can be determined. From Figs. (12a-c), the same is found here, 
where the mixed convection regimes are, approximately, within the ranges  1 < Re < 50 for 
Gr = 103, 5 < Re < 100  for  Gr = 104, and 10 < Re < 500 for Gr = 105. Practically, there is no 
reduction in the Nusselt number in these cases where the aiding flow is present, which also 
agrees with Choi and Ortega3. It can be noted that the collapse of the curves at high Re 
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explains that the buoyancy effects and, therefore, the influence of inclination diminish as 
forced convection dominates.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 11. Module temperature distributions for Gr = 105, γ = 90° and Re = 1, 5, and 10. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 
 

Figure 12. Average Nusselt number versus Re for 0° ≤ γ ≤ 90°, Gr = (a) 103, (b) 104, and (c) 105. 
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Figure 13. Average Nusselt versus γ for 1 ≤ Re ≤ 500 and Gr = (a) 103, (b) 104, and (c) 105. 
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Figure (13) shows the influence of the orientation angle in the heat transfer for all the cases 
studied in this work, that is, Re = 1, 5, 10, 50, 100, 200, 500; γ = 0°, 15°, 30°, 45°, 60°, 75°, 
90°; and Gr = 103, 104, and 105. In a general way, Nu is strongly dependent on the orientation 
of the channel in the limits of the natural and forced convection. For instance, when Gr = 103, 
the natural convective cells are not sufficiently strong to influence the flow and the 
temperature fields (Fig. 5), that means that the heat transfer mode involved is almost 
conductive. As Gr increases, the variations in Nu are more significant for low Re. In the work 
of Choi and Ortega3, it is said that in the natural and mixed convection, the most suitable 
situation in the cooling of an electronic module, that is, the lowest Nu, is found when the 
channel orientation is in the range 45°<γ<90° (considering the convention adopted in the 
present work), in a general way. Analyzing Fig. (13), there is still a more favorable inclination 
within the range proposed by Choi and Ortega3, which is around 60° and 75°.  A situation that 
should be avoided would be when γ = 0°, in the natural and mixed convection. A particular 
case which provided a drastic increase in Nu, of course proportionally to the strengths 
involved here, is for Gr = 103 and Re = 1 in the range 60° ≤ γ ≤ 75°. This can also be noted in 
Fig. (5), in the isotherms distributions. Here, only γ = 75° presents a more appealing situation 
when cooling is the aim of a project, with a little difference when γ = 90°. 
 
5 CONCLUSIONS 
 
 The mixed convection has been studied in a simple channel considering the effect of the 
inclination angle and some physical parameters. The ranges performed have been as follows: 
1 ≤ Re ≤500, 103 ≤ Gr ≤105, and 0° ≤ γ ≤90°. The set of governing equations have been 
discretized and solved using the Galerkin finite element method with the Penalty formulation 
in the pressure terms and the Petrov-Galerkin perturbations in the convective terms. 5980 
four-noded elements have been used to discretize the spatial domain. Two comparisons have 
been performed to validate the computational code. The first one has considered a horizontal 
upstream backward-facing step channel with isothermal flow and the second one has been a 
horizontal channel with Poiseuille flow heated from below. The two comparisons have agreed 
very well. It has been observed from the results of the present work that the effect of the 
inclination angle on the velocity and temperature distributions plays an important role on the 
heat transfer for low Re and high Gr. For high Re, the effect of the orientation is negligible. 
One must understand that when the words �low� and �high� are mentioned here, it means low 
and high compared to the limits considered in this work. In general, it has also been 
discovered that an inclination angle around 60° and 75° provides the most desirable work 
conditions when cooling is aimed. In Choi and Ortega3 it was said that this optimal orientation 
would be 90°, despite no significant changes were found after γ = 45° (according to the 
convection adopted here). Some cases have presented the reversed flow for low Re and high 
Gr. The flow reversal does not noticeably influence the heat transfer coefficient on the 
module, although it does change the velocity and temperature fields significantly. In general, 
the results shown here encourage the use of inclined boards in cabinets, however it deserves 
more attention because some other aspects should be addressed such as the geometrical 
arrangement of the boards. 
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