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Abstract. Despite the low thermal conductivity that characterizes concrete behavior, high temperatures

acting for long periods on reinforced concrete structures could conduce to devastating effects on its

overall integrity and stability. The caused damages comprises not only the structural, but also the material

level, manifested as a degradation of the strength and stiffness properties, together with the increase of

the porosity and the consequent loss of cohesion. In this work, the influence of high temperatures on the

mechanical behavior of concrete is computationally evaluated by means of failure analysis in the form of

discontinuous bifurcation. For this purpose, numerical solutions for the acoustic tensor for microplane-

based plasticity theory are implemented. The nullity and/or negativity of the acoustic tensor suggests the

potential development of localized failure, also allowing to know its orientation for a given stress state,

concrete quality and applied high temperature.
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1 INTRODUCTION

When quasi brittle materials like concrete are subjected to high temperatures in long term

exposures, severe degradations in the mechanical properties (cohesion, friction, strength and

stiffness) and changes in their failure mechanisms are evidenced as well as those caused by the

action of loads or displacements. As a result of the dehydration process of the cement paste,

there is an irreversible degradation of two fundamental material properties: the elastic stiffness

(thermal damage) and the material strength (thermal decohesion). On the other hand, a partic-

ular failure or fracture mode develops, the so-called concrete spalling, characterized by super-

ficial fracture planes parallel to the heated surface. Thermodynamically consistent constitutive

models for quasi brittle materials subjected to long term exposures of elevated temperatures and

for all possible stress path have been developed by the authors (Etse et al., 2016; Ripani et al.,

2018; Vrech et al., 2021).

In the framework of the Smeared Crack Approach, localized failure modes are related to

discontinuous bifurcations of the equilibrium path and lead to loss of ellipticity of the equations

that govern the static equilibrium problem. The inhomogeneous or localized deformation field

exhibits a plane of discontinuity that can be identified by means of the eigenvalue problem of

the acoustic or localization tensor (Ottosen and Runesson, 1991). Analytical solutions for the

discontinuous bifurcation condition, based on original works by Hadamard (1903); Thomas

(1961); Hill (1962) conduce to the macroscopic localization condition. In this work the critical

conditions for localized failure in the form of discontinuous bifurcation are analysed in the

framework of the Microplane Theory, as proposed by Kuhl and Ramm (2000).

The microplane approach originally proposed by Bažant and Oh (1983) consists in the for-

mulation of constitutive laws at microplane level defining the mechanical behavior of orien-

tated planes. Then, the macroscopic response shall be achieved through the consideration of

appropriated thermodynamically consistent homogenization process over the responses in all

microplanes (Carol et al., 2001; Kuhl et al., 2001). The Microplanes Theory seems to be ade-

quate to predict numerical and macroscopically the failure behavior of these materials, with the

advantage of incorporating microstructure information. On the other hand, thermodynamically

consistent theories are required to accurately simulate the complex behavior of quasi brittle

materials. During the last decades, it has largely been used for predicting the mechanical be-

havior of quasibrittle materials such as concrete or rocks. Regarding cementitiuos materials,

microplane based constitutive models have been approached by Huang et al. (2017); Indriyan-

tho et al. (2020); Kong et al. (2023) a. o., whereas elasto-plastic microplane formulation for

fiber reinforced concrete have been developed by Ferhun et al. (2013); Vrech et al. (2016); Xue

and Kirane (2022).

In this work, the numerical analysis of the failure condition in microplane-based elasto-

platicity is evaluated for variable load states and temperature levels. Main purpose of this anal-

ysis is, on one hand, to evaluate the effect of temperature levels on the performance of the

localization indicator or on the potential for localized failure. On the other hand, this analysis

allows to evaluate the sensitivity of the orientation of temperature flux on the critical condition

for discontinuous bifurcation.

After this introduction, Section 2 summarizes the thermodynamically consistent Microplane

Theory. Then, Section 3 described the applied failure criterion, plastic potential and loading

surfaces and Section 4, the temperature dependent elastic properties. Section 5 presents the

analytical solution for localized failure in Microplane-based Elasto-Platicity. Finally, Section 6

covers the numerical analysis of localization conditions.
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2 THERMODYNAMICALLY CONSISTENT MICROPLANE THEORY

Regarding kinematic assumptions, thermodynamically consistent Microplane Theory is based

on the projection of the macroscopic strain tensor ε on microplanes of normal direction n. Nor-

mal and tangential strains at microplane level are computed by means the following relation-

ships

εN = N : ε , εT = T : ε , (1)

with the projection tensors are defined as

N = n⊗ n , T = n · I
sym − n⊗ n⊗ n , (2)

being I
sym the symmetric part of the fourth-order identity tensor.

Assuming small strains in elasto-plastic regime, both macro- and microscopic strains are

computed according to the Prandtl–Reuss additive decomposition. Particularly, at microplane

level, normal and tangential strain rates are obtained as

ε̇N = ε̇eN + ε̇pN , ε̇T = ε̇eT + ε̇
p

T (3)

where the supra-indexes e and p denote elastic and plastic components, respectively.

The constitutive micro-stresses are derived from the free-energy potential at microplane level

Ψ = Ψ(εeN , ε
e
T , κ), being κ the scalar internal variable in case of isotropic hardening/softening.

They are computed as

σN =
∂ψmic

∂εN
, σT =

∂ψmic

∂εT
, φmic =

∂ψmic

∂κ
, (4)

being φmic the dissipative stress.

Assuming the macro free-energy potential as the integral of the micro free-energy on a spher-

ical region of unit volume Ω, the following micro-macro free-energy relationship is established

ψmac =
3

4π

∫

Ω

ψmicdΩ (5)

The evolution law of the free-energy potential at microplane level, regarding the kinematic

projection of Eq. 1 is given by

ψ̇mic =
(

NσN + T T · σT

)

: ε̇mac + φmicκ̇ (6)

According to the Clausius–Duhem inequality, the homogenization of the microplanes en-

ergy leads to the definition of the macroscopic stress tensor in terms of the microscopic stress

components

σ =
∂ψmac

∂ε
=

3

4π

∫

Ω

NσN + T T · σTdΩ . (7)

This equation is solved through the by numerical integration techniques regarding all possi-

ble spatial directions by a weighted sum over a finite number of microplanes, as proposed by

Bažant and Oh (1985)

σ ≈
∑nmp

I=1

[

N IσN
I + T T,I · σI

T

]

wI (8)

being nmp the adopted number of microplanes and wI the corresponding weight coefficients.
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3 MICROPLANE MODEL FOR CONCRETE UNDER HIGH TEMPERATURE

The temperature-dependent Microplane constitutive model is proposed by Vrech et al. (2021)

based on the Microplane Theory consists on a the parabolic failure criterion in terms of the

normal and tangential microstresses σN and σT , respectively, as

Φ = α(T )

[

3(f ′

c + f ′

t)
2

8f ′

tf
′

c
2

]

‖σT‖
2 + σN − β(T )f ′

t = 0 (9)

with f ′

t and f ′

c, the uniaxial tensile and compressive strengths, respectively, and T the absolute

temperature value that strongly degrades the comparison stress f ′

t . α(T ) and β(T ) are the

temperature-dependent functions computed according to

α(T ) = 1 + γ1 (T − 20) , (10)

β(T ) = 1− γ2 (T − 20) , (11)

being γ1 and γ2 temperature-dependent values.

In the post-peak regime, the yield criterion softens according to

Φs = α(T )

[

3(f ′

c + f ′

t)
2

8f ′

tf
′

c
2

]

‖σT‖
2 + σN − β(T )φmic = 0 , (12)

with the temperature dependent plastic potential, computed as

Φ∗ = α(T )

[

3(f ′

c + f ′

t)
2

8f ′

tf
′

c
2

]

‖σT‖
2 + ηT σN − β(T )φmic = 0 , (13)

being ηT the volumetric non-associativity degree. As a consequence of the cohesion loss, the

volumetric plastic dilatation decreases with temperature. To account for this effect, the non-

associativity degree increases with increasing temperature. The variation of ηT with respect to

temperatures varying from T0 = 20 to Tmax = 700◦C, is approximated by the function

ηT = η20 − (η20 − ηTmin) sin

[

π

2

(T − T0)

(Tmax − T0)

]

, (14)

where η20 represents the non-associativity degree at 20 ◦C, ηmin its minimal value, see Fig. 1.

The softening dissipative stress φmic is expressed in terms of the internal state variable κ
and T . The strength degradation during post-peak processes is controlled by φmic. Figure (2)

represents the variation of the maximum failure curve with increasing temperatures, from 20 to

600◦C, represented in the stress space of coordinates σN -σT .

The dissipative stress, based on the Fracture Energy Theory, is obtained by

φmic = f ′

t exp

(

−5hT
ur GI

κ̇

)

(15)

being GI the fracture energy in mode I type of failure, ur the maximum crack opening displace-

ment and hT the corresponding characteristic length, that depends on the absolute temperature

T according to

hT = h exp [−0.00308(T − 20)] (16)

where h corresponds to the material characteristic length at 20◦C. Analysing Eqs. (12) and (15),

it should be noted that the comparison strength decreases due to both, mechanical and thermal

effects in softening regime.
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Figure 1: Variation of the volumetric non-associativity degree for variable temperature levels.

4 TEMPERATURE DEPENDENT ELASTIC PROPERTIES

As demostrated by Ripani et al. (2014), based in a large experimental database, the following

expressions for the Young modulus E and Poisson coefficient ν for concrete can be applied to

obtain the approximated values when the temperature level increases

E = E0 (1− αET ) , ν = ν0 (1− ανT ) (17)

being E0 and ν0 the elasticity modulus and Poisson coefficient at 20◦C, respectively. Whereas

αE= 0.0014 and αν= 0.0010 are degradation parameters to be experimentally calibrated.

5 SOLUTION FOR LOCALIZED FAILURE IN MICROPLANE-BASED ELASTO-

PLATICITY

In the framework of the Smeared Crack Approach, localized failure modes are related to

discontinuous bifurcations of the equilibrium path, and lead to loss of ellipticity of the equations

that govern the static equilibrium problem. The inhomogeneous or localized deformation field

exhibits a plane of discontinuity that can be identified by means of the eigenvalue problem of

the acoustic or localization tensor (Ottosen and Runesson, 1991). Analytical solutions for the

discontinuous bifurcation condition, based on original works by Hadamard (1903); Thomas

(1961); Hill (1962) conduce to the macroscopic localization condition

det(Qep) = 0 (18)

being Qep the elasto-plastic localization tensor, define as

Qep = N ·Eep ·N (19)

with N , the normal direction to the discontinuity surface, see Fig. 3. According to Kuhl and

Ramm (2000), in case of microplane-based plasticity the macroscopic elasto-plastic tangent

operator can be obtained analogously to the macroscopic stresses in Eq. (8), as

Eep =
dσ

dε
≈

3

4π

∑

Ω

[

N ⊗
dσN
dεN

+ T T ·
dσT

dεT

]

dΩ . (20)
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Figure 2: Microplane failure criterion degradation with increasing temperature.
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Figure 3: Numerical localization analysis at peak of the uniaxial tensile test.

Regarding the microplane constitutive formulation in Section 2, the above equation can be

expressed as

Eep = Ee −
3

4π

∑

Ω

1

h

[

ENµNN + ETT
T · µT

]

⊗
[

ENνNN + ETνT · T T
]

dΩ , (21)

being

h = ENνNµN + ETνT · µT +H , (22)

with the isotropic hardening/softening modulus H and

νN =
∂Φ

∂σN
, µN =

∂Φ∗

∂σN
, νT =

∂Φ

∂σN

, µT =
∂Φ∗

∂σT

. (23)

The elastic macroscopic tangent operator is given by

Ee =
3

4π

∑

Ω

ENN ⊗N + ETT
T · T dΩ . (24)

Then, the elasto-plastic localization tensor in Eq. (18), results

Qep ≈ Qe −
3

4π

∑

Ω

a∗ ⊗ a

h
dΩ . (25)
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with the elastic localization tensor Qe = N ·Ee ·N and the traction vectors computed as

a = [νNENN + ETνT · T ] ·N ,

a∗ = N ·
[

ENµNN + ETT
T · µT

]

.
(26)

Due to the complex structure of the acoustic tensor for microplane-based plasticity, the ana-

lytical assessment is not easy. Instead, numerical solutions must be applied and Eq. (25) can be

rewritten as

Qep ≈ Qe −

nmp
∑

I=1

[

a∗I ⊗ aI

hI

]

wI . (27)

6 NUMERICAL SOLUTIONS FOR LOCALIZED FAILURE IN MICROPLANE-BASED

ELASTO-PLATICITY

In this section, the performance of the discontinuous bifurcation condition in the form of

localized failure given in Eq. (18), is evaluated for concrete under different temperature condi-

tions. In this analysis, encompassing uniaxial tension, pure shear and biaxial compression states

under plane stresses with variable temperatures between 20 and 700◦C, are taking into account.

Concrete material properties and internal parameters indicated in Table 1 are assumed.

Elastic modulus-E 19305.3 MPa

Poisson’s ratio ν= 0.2

Compressive strength-f
′

c 22.0 MPa

Tensile strength-f
′

t 2.7 MPa

Temperature-dependent values-γ1; γ2 0.00126; 0.00056 ◦C−1

Non-associative degree at 20◦C-η20 0.5

Table 1: Material properties and internal parameters adopted for the numerical analysis.
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Figure 4: Numerical localization analysis at peak of the uniaxial tensile test.
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Figure 5: Numerical localization analysis at peak of the pure shear test.

Temperature (◦C) Critical localization angles (◦)

Uniaxial tension Pure shear Biaxial compression

20 0-180 38.5-141.5 63.00-117.00

250 0-180 40.5-139.5 65.25-114.75

500 0-180 40.5-139.5 67.50-112.5

700 0-180 40.5-139.5 69.75-110.25

Table 2: Critical localization directions for uniaxial tension, pure shear and biaxial compression tests at different

temperature levels.

In Figs. 4 to 6 the variation of the critical directions satisfying the localization condition

are evaluated for variable temperature levels: T= 20, 250, 500 and 700◦C, while the resulting

critical localization directions are shown in Table 2.

Figure 4 shows the performance of the normalized localization condition det(Qep)/det(Qe)
at peak of the uniaxial tensile test. The results demonstrate that the proposed Microplane con-

stitutive Theory is able to capture that the localization condition is fulfilled for all temperatures

at 0 and 180◦.

Brittle or localized failure modes are also exhibited in the pure shear test and the biaxial

compression tests (for all possible temperatures). Critical directions in case of pure shear tests

are shown in Fig. 5. The critical directions results 38.5 and 141.5◦ for T= 20◦C and 40.5-139.5◦

for the others. This increase in the value of the angles had also been captured by Ripani et al.

(2018).

Whereas for biaxial tests, the obtained critical directions are 63.00-117.00◦, 65.25-114.75◦,

67.50-112.5◦ and 69.75-110.25◦ for increasing temperatures of 20, 250, 500 and 700◦C, respec-

tively, see Fig. 6.

The numerical solutions for discontinuous bifurcation of temperature dependent media in

this work offer great potentials for more accurate predictions and understanding of concrete

failure modes under different thermomechanical scenarios, and of their sensitivity to tempera-

ture.
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Figure 6: Numerical localization analysis at peak of the biaxial compression test.

7 CONCLUSIONS

In this work, a thermodynamically consistent Microplane Theory for quasi brittle materials

like concrete, able to predict their failure behavior under high temperatures fields, has been

presented.

The influence of high temperatures on the mechanical behavior of concrete is computation-

ally evaluated by means of failure analysis in the form of discontinuous bifurcation. Analytical

solutions for Microplane-based plasticity Theory have been developed, whereas numerical solu-

tions for the acoustic tensor have been implemented to know critical directions with increasing

temperatures at peak of the uniaxial tensile, pure shear and biaxial compression tests. The

nullity and/or negativity of the acoustic tensor suggests the potential development of localized

failure, also allowing to know its orientation for a given stress state, concrete quality and applied

high temperature. Brittle or localized failure modes are exhibited for all possible temperatures

in plane stress states.
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