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Abstract. The only strictly conservative cavitation model in hydrodynamic lubrication, is the Elrod–
Adams model. In this model, the so called JFO conditions (due to Jacobson & Floberg and Olsson) are
imposed at the cavitation boundary which is an unknown of the problem. Unfortunately, this lubrication
model is not well–suited for the simulation of cavitated regions in which the fluid film is attached to
just one of the participating surfaces, as happens in piston–ring assemblies. In these regions, the Elrod-
Adams model yields a lubricant transport velocity that is half of the physically-realistic value. This has
been known for about three decades, but attempts at correcting the numerical models so as to increase
the transport velocity have up to now failed. In this communication we first show the reasons for these
attempts to have failed, which come from a loss of uniqueness of the associated exact mathematical
problem. Then, we introduce a variant of the Elrod–Adams model that has a unique solution while still
allowing for the transport velocity in the cavitated region to be adjusted at physically realistic values.
Finally, a first numerical implementation of this new model is discussed, together with test–case results.
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1 INTRODUCTION

Piston–rings/liner contacts amount for a large part of the total power loss due to friction
among the many reciprocating components present in internal combustion engines. Their main
function is to seal the space between the piston and the liner acting as slider bearings subjected
to alternating motion. These systems have been thoroughly studied before (see for instance
Priest (1996), Priest and Dowson (1999) and Priest (2000)).

The key issue in the simulation of such lubricated devices is the treatment of cavitation
phenomena by means of incorporating appropiate mass–conservative conditions at the unknown
cavitation boundaries. Cavitation may occur for several reasons: as a result of a divergent film
geometry, due to a positive squeeze (i.e., a transient variation of the gap between the lubricated
surfaces) and also at microtextures.

Two models are predominantly used in hydrodynamic lubrication: the Reynolds model and
the Elrod–Adams model Elrod and Adams (1974). The former, easier to implement numeri-
cally, though being non conservative, gives reasonable predictions in some cases and is thus
still used in practice. However, as shown in Ausas et al. (2007), for problems including tran-
sient effects and/or microtextures, this model is certainly not recommended. In those cases, the
importance of using a conservative model such as the Elrod–Adams model have been shown
by means of several numerical examples in Ausas et al. (2007, 2009). In this model, the condi-
tions proposed by Jakobson and Floberg (1957) and Olsson (1965) are applied at the cavitation
boundary to enforce mass conservation. However, due to the highly non–linear nature of the
problem, numerical implementations of this model are more proclive to numerical instabilities
and for this reason is not always used.

Piston–ring/liner systems need special consideration. In these systems, a thin lubricant film
remains essentially attached to the liner, being this a fundamental difference with respect to
other reciprocating components, like journal or thrust bearings in which the amount of available
oil in the non–pressurized region, which is insufficient to fill the entire separation between
the lubricated surfaces, cannot be assigned to just one of them. Mathematically, the Elrod–
Adams model yields a lubricant transport velocity in the cavitated region that is half of the
physically-realistic value. This has been known for several decades, but not seriously addressed
until the work of Buscaglia et al. (2011) in which a new model is proposed whose numerical
implementation is presented here.

By way of outline, after this intoduction, the mathematical model and the governing equa-
tions for the new model are presented. Next, the numerical procedure, for the one dimensional
case is presented. We restrict ourselves to the case of a constant sliding velocity for the sake of
simplicity. In the results section, several problems are presented: First, a simple case for which
an exact solution can be computed, consisting in a single ring with a smooth liner, is solved to
show convergence of the numerical predictions as a function of the mesh size. Second, the case
of a moving texture on the liner is considered. In this case, two rings are simulated. Finally,
some conclusions are drawn.

2 MATHEMATICAL MODEL

2.1 The new model - One dimensional case

We restrict ourselves to the one dimensional case which is more amenable for numerical
implementation as shown in the next section. The numerical formulation in the two dimensional
case is still the subject of ongoing work. We also consider the case of velocity S > 0. The
case of negative velocity can be obtained straightforwardly. In the one dimensional case the
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cavitation boundary is represented by a set of points in the computational domain Ω = [x`, xr].
For the sake of simplicity in the exposition we consider just one ring and thus a unique central
pressurized region with boundary points denoted by x = α(t) and x = β(t) (see figure 1).
The extension to consider multiple rings, each one with a pressurized region and corresponding
boundaries can be obtained without major difficulties. In fact, in the results section we present
numerical examples with two rings.
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Figure 1: Problem setting for the piston–ring/liner system.

We consider an initial condition given by α0 = α(t = 0) and β0 = β(t = 0), the left and
right boundaries of the pressurized region, together with the saturation field θ0(x) = θ(x, t = 0)
given for x < α0 and x > β0 (see figure 1). It is assumed that the solution of the Reynolds
equation

∂x
(
h3∂xp

)
= (

S

2
∂xh + ∂th) with p(α0, t = 0) = p(β0, t = 0) = 0 (1)

yields a non–negative pressure p in (α0, β0). The equations for the velocities of the boundary
fronts α′(t) and β′(t) result from mass conservation at these points, yielding,

α′(t) =
−h3(α)∂xp(α

+, t) + S
2
h(α)

[
1− 2aθ(α−, t)

]
h(α)

[
1− θ(α−, t)

] (2)

β′(t) =
−h3(β)∂xp(β

−, t) + S
2
h(β)

[
1− 2aθ(β+, t)

]
h(β)

[
1− θ(β+, t)

] (3)
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Finally, the equation for θ(x, t) in the cavitated region reads

∂t(θ h) + aS ∂x(θ h) = 0 (4)

for which boundary conditions are needed at the left boundary θ(x`, t) = θin(t) and at β(t)
whenever β′(t) < S (which is in general the case).

The Elrod–Adams model and the new model being studied here differ in the treatment of
the rupture boundary, at which some of the fluid detaches from the wall because otherwise
the pressure would become negative. Since, further away from the rupture boundary, the fluid
remains attached to the lower wall and travels at velocity S, we have to take a = 1 in (4). In the
Elrod–Adams model, a physically uncorrect value of a = 1/2 is taken.

As previously mentioned, the new model aims at establishing a well–posed mathematical
model that consider a physically correct transport velocity aS with a 6= 1/2. In particular, we
consider here the case a = 1, but, the general case with a ∈ [1/2, 1] is discussed in Buscaglia
et al. (2011). For the new model to be well–posed, an additional condition at the rupture bound-
aries is needded as we shall see.

Since, ∂xp(β−(t), t) ≤ 0 (because p ≥ 0 on Ω+(t)), we obtain from equation (3) that

θ(β+(t), t) ≥ F (β′(t)) =

{
S
2
−β′(t)

aS−β′(t)
if β′(t) ≤ 0

1
2 a

if β′(t) > 0
(5)

This condition implies that θ(β+(t), t) must satisfy

max{0, F (β′(t))} ≤ θ(β+(t), t) ≤ 1 (6)

If a = 1/2, this conditions reduces to θ(β+(t), t) = 1. If a > 1/2 then θ(β+(t), t) is not fully
determined from condition (6). For any given β′(t) there is a finite interval of values that satifies
(6) and each of these values leads to a different solution of the problem. This explains the lack
of uniqueness of the model so far when a 6= 1/2 and the need for an additional condition in
order to have a unique solution.

To recover the uniqueness, among the multiple values possible for θ(β+(t), t) we propose a
specific choice that leads to a well–posed problem. This specific choice for our case, with
a = 1, is to take θ(β+(t), t) equal to F (β′(t)).
Before passing to the numerical assessment of the model, it can be noticed that by using equa-
tion (3) with this choice for θ at x = β, the corresponding to β′(t) ≤ 0 leads to a zero pressure
gradient and no equation for the velocity β′(t). This introduces difficulties in the numerical
implementation of such model that are explained in the next section.

3 NUMERICAL METHOD

The numerical procedure is an explicit algorithm very much based on that presented by
Buscaglia et al. (2010) previously, though generalized to deal with more complex boundary
conditions and shapes.

We consider a time step ∆t. The computational domain [x`, xr] is divided into cells of
uniform size ∆x. The time step of a discretized variable is shown as a superscript and the nodal
value as a subindex. Let consider, αn and βn the discrete values of α(tn) and β(tn) respectively,
not coincident with the mesh nodes at positions Xi. At time level n, the computational domain
is divided into the set of cavitated–node indices Cn (Xi < αn or Xi > βn) and the set of
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pressurized–node indices P n (αn < Xi < βn). For given {θni }i∈Cn , the numerical procedure to
find the new pressure and saturation field and the new position of the cavitation boundaries is
explained in what follows. In figure 2 we illustrate the finite volume discretization used for a
particular case with α′ < 0 and β′ < 0.

αn+1

αn βn
Cn

Cn+1

tn+1

tni + 1
2i− 1

2

i

βn+1

Cn+1P n+1

Cn P n

iβiα iβ + 1

Figure 2: Scheme of the finite volume discretization for the one dimensional computational domain.

1. Numerically solve Reynolds equation for pn: A finite volume solver for {pni }i∈Pn is
used to solve equation (1), where P n is the set of pressurized–node indices. The condi-
tions pn(αn) = pn(βn) = 0 are imposed placing two virtual nodes at the positions αn and
βn.

2. Compute αn+1 and βn+1: Here we use explicit updating

αn+1 = αn + ∆t α′, βn+1 = βn + ∆t β′ (7)

where α′ and β′ are obtained from (2) and (3), considering θ(β+, t) = 1/2, i.e.,

β′ = −2h2(βn) ∂xp
n(βn−) (8)

This is correct if the resulting β′ is positive (and < S, which is always the case in the
considered examples). If β′ < 0, this implies that ∂xpn(βn−) > 0 and thus that pn is
negative to the left of βn. In this case βn+1 is chosen such that βn+1 6= βn for which,
we find βn+1, such that pn(βn+1) = 0 considering a linear interpolation of the nodal
values of pn. We expect first-order convergence with ∆t, which is indeed suggested in
the numerical tests performed.

3. Numerically solve the transport equation for θn+1: A finite volume solver is used.
Notice that (4) is an evolution equation (in time) on a domain that is time–dependent. The
finite volumes thus move according to α′ and β′ and the result is projected (conserving
mass) onto the fixed nodal positions. Clearly, the finite volumes immediately next to
the cavitation boundaries (in red in figure 2) have to be dealt differently from the rest of
the (standard) finite volumes (in pink). This is now explained for the particular situation
illustrated in figure 2 corresponding to α′ < 0 and β′ < 0 and where the cavitation
boundaries cross the cell faces from one step to the other.
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• For the standard finite volumes, we use a first–order (donor cell) scheme as follows

hn+1
i θn+1

i ∆x = hni θ
n
i ∆x+ S

(
hn
i− 1

2
θni−1 − hni+ 1

2
θni

)
∆t (9)

where hn
i± 1

2

is the value of hn evaluated at position Xi± 1
2
.

• For the finite volumes next to the cavitation boundaries we have:
Denoting by iα ∈ Cn+1 the first finite volume to the left of αn+1, the value of θn+1

iα

is computed from

hn+1
iα

θn+1
iα

(αn+1 −Xiα− 1
2
) = hniα θ

n
iα(αn −Xiα− 1

2
) + hniα+1 θ

n
iα+1(α

n − αn+1) +

+
[
S hn

iα− 1
2
θniα−1 − (S − α′)h(αn) θniα

]
∆t (10)

Denoting by iβ ∈ Cn+1 the first finite volume to the right of βn+1, the values of
θn+1
iβ

and θn+1
iβ+1 are computed from

θn+1
iβ

= θ(β+, tn+1) =
S
2
− β′(t)

S − β′(t)
(11)

hn+1
iβ+1 θ

n+1
iβ+1 ∆x+ hn+1

iβ
θn+1
iβ

(Xiβ+
1
2
− βn+1) = hniβ+1 θ

n
iβ+1(Xiβ+

3
2
− βn) +

+
[
(S − β′)hn

iβ+
1
2
θniβ+1 − S hniβ+ 3

2
θniβ+1

]
∆t (12)

We proceed in a similar way for other cases that may arise when the cavitation boundaries
do not cross the cell faces and the velocities α′ > 0 and β′ > 0.

4 NUMERICAL RESULTS

4.1 Convergence test

We simulate a single ring with a parabolic shape moving with constant velocity S = 1 and
a smooth liner. The computational domain is the interval [0, 1]. The distance between the two
lubricated surfaces is given by

h(x) = 1 + (2x− 1)2 (13)

We consider two different situations corresponding to the following initial conditions

• (h θ)(x`, t) = 0.65, α0 = 0.30, β0 = 0.59

• (h θ)(x`, t) = 0.45, α0 = 0.25, β0 = 0.55

In these simple cases, the exact solution can be computed and then compared to the numerical
predictions. First, in figure 3 we show the film profile at different times using a grid resolution
∆x = 0.0025. For the first case, corresponding to (h θ)(x`, t) = 0.65, we show in figure 4 the
position of the left and right fronts as a function of time using different grid resolutions, namely,
∆x = 0.01, 0.005, 0.0025, 0.00125. A time step ∆t equal to 0.001 is used for the first mesh.
The Courant number is kept constant for the rest of the simulations for which the time step is
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Figure 3: Film profiles at different times for the single ring test for (h θ)(x`, t) = 0.65.
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Figure 4: α(t) and β(t) for different grid resolutions for the first case with (h θ)(x`, t) = 0.65.
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Figure 5: Detail α(t) for different grid resolutions for the first case with (h θ)(x`, t) = 0.65.

adjusted accordingly. A detail of figure 4 is shown in figure 5 to appreciate how the numerical
solution converges to the exact one for the left (reformation) front. The convergence is similar
for the right (rupture) front.

For the second case, corresponding to (h θ)(x`, t) = 0.45, in figure 6 we show the film profile
at different times and in figure 7 we show the position of the left and right fronts as a function
of time for the same grid resolutions used in the previous case. The reformation front moves
to the right and the rupture front, initially moves to the right and at time t approximately equal
to 1 it starts to move to the left. In this case, the pressurized region tends to shrink until it
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disappears. The differences between the exact and numerical solutions are better seen in the
detail shown in figure 8 for the reformation front α(t) and in figure 9 for the rupture front β(t)
using the algorithm mentioned in section 3. Notice the stair–case like behavior of the solution.
This behavior is due to the type of algorithm choosen to deal with the case of a negative velocity
at a rupture boundary.

4.2 Textured–liner test

The aim in this case is to illustrate the differences between the new lubrication model and
the Elrod–Adams model. The initial condition and geometry considered in this case is shown
in figure 10. The computational domain is the interval [−0.5, 1]. The total distance between the
two lubricated surfaces h(x, t) has thus two contributions: one is the shape of the ring assembly
hr(x) given by

hr(x) =


1 + 20 (x− 1

4
)2 if 0.025 < x < 0.475

1 + 20 (x− 3
4
)2 if 0.525 < x < 0.975

2 elsewhere

(14)

and the other is the contribution of the moving texture on the liner, which is taken to be

ht(x, t) = max {0, h0 sin[6(x− t)]} (15)

where h0 is taken equal to 0.1. There are thus four fronts to be tracked in time whose initial
positions are taken as

α
(1)
0 = 0.125, β

(1)
0 = 0.275 (16)

α
(2)
0 = 0.625, β

(2)
0 = 0.775 (17)

The mesh size ∆x is set to 0.0015 and the time step ∆t to 0.0001. The inlet film hf (x`, t) is
set to a fixed value of 0.67. To satisfy this boundary condition we adjust at each time step the
value of θ(x = x`, t) since h(x = x`, t) is not constant due to the moving texture. In figure 11
we show the film profile at different times.

We also simulate the same problem with the Elrod–Adams p–θ model. As mentioned before,
this problem is important because the behavior of the second ring can be very much affected
by the first (upstream) ring. In this case, in order to make a fair comparison, we consider an
inlet film height hf (x`, t) equal to 2 × 0.67, that corresponds in this model to the same inlet
flow used for the simulations using the new model. Results are shown in figure 12. The are
notorious differences between the two models that can be observed. First, since according to
the Elrod–Adams model the texture travels at velocity S = 1 while the saturation field θ is
transported with velocity S/2 in the cavitated region, the film profile results perturbed in the
left region (−0.5, α(1)(t)), while for the new model the film profile remains flat. Second, the
fronts moves with different velocities in each model, leading to a different temporal evolution
of the pressurized region for each ring. We illustrate this difference in figure 13 where the
pressure profiles for both models at selected times are plotted. Third, the new model predicts
a discontinuity at the rupture boundaries β(1) and β(2) which does not occur with the Elrod–
Adams model.
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Figure 6: Film profiles at different times for the single ring test with (h θ)(x`, t) = 0.45.
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Figure 7: α(t) and β(t) for different grid resolutions for the second case with (h θ)(x`, t) = 0.45.
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5 CONCLUSIONS

The main objective of this article has been the presentation of a numerical implementation
of the new lubrication model recently introduced in Buscaglia et al. (2011) which can be seen
as a variant of the Elrod–Adams model but deals in a more realistic way with the particularities
of piston–ring/liner systems. The proposed algorithm for this new model is based on a finite
volume scheme with an explicit tracking of the cavitation fronts so as to impose the appropiate
boundary condition for the saturation field depending on the velocities of such fronts. Although

Mecánica Computacional Vol XXX, págs. 193-208 (2011) 203

Copyright © 2011 Asociación Argentina de Mecánica Computacional http://www.amcaonline.org.ar



 0.52

 0.53

 0.54

 0.55

 0.56

 0.57

 0.58

 1  1.2  1.4  1.6  1.8  2

P
o
s
it

io
n

time

Exact

∆x = 0.01

∆x = 0.005

∆x = 0.0025

∆x = 0.00125

β(t) - First option

Figure 9: Detail of β(t) for different grid resolutions for the second case with (h θ)(x`, t) = 0.45.
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Figure 10: Initial condition for the textured liner test showing the two rings and the moving texture.

in this article we have focused on the one dimensional case with constant sliding velocity, the
necessity for a new model is already observed. Three different tests have been presented. The
first one, consisting in the simulation of a single ring of parabolic shape with a smoth liner, a
problem for which an exact solution can be found, aimed to show that the proposed numerical
procedure gives convergent solutions. The second test, that dealed with a more complicated
setting, included two rings of parabolic shape and a moving texture of sinusoidal shape. In
this case, a comparison to the Elrod–Adams model has been done to show the fundamental
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Figure 11: Film profiles at different times for the textured–liner test using the new model.
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Figure 12: Film profiles at different times for the textured–liner test using the p–θ model.
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Figure 13: Comparison of non–dimensional pressure profiles at different times using the new model (red) and the
p–θ model (green).

differences between the two models. The extension of the present numerical scheme to two
dimensions and to the case of a time dependent sliding velocity (of alternating sign) are left for
future works.
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