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SUMMARY

In this paper some adaptiYe mesh rebemeat (AKR).uateps b fiDite eJemeat .-lym of
structural and fluid flow problems are discuS5ed. For structural problem. two mala optimality
criteria hased OIl the equal distnlnrtion of: (a) the ,lobol eM'Of",and (b) the ."ecijk eM'Of"Oftr the
dements are studied. It h•• beeu fOUDdthat the correct eva!uatiou of the rate of con~ of
the differeDt error DOrms involftd in the AMR procedure is _ual to a'ftlid OKillatiOlUl iB the
refinement process. Exteusious of these optimality criteria to fluid flow problems are preseated The
hehaviour of the different AMR stratqies propoaed is compared in the analym of lODle struciural
and fluid flow problems.

The evaluation of discretiu.tiou errors IUld the desigu of suitable meshes are uowadays two of the
challengint; issues in the analysis of structures and fluid flow problems usinr; the fiDite element
method (FEM).

The topic of error estimation and mesh adaptivity in the FEM is by no meaas Rew. Zienkiewica and
Zhu [1-5J have introduced. s_full adapUYe meah rdnemaIt (AJ,m) strateIY for atnldural
analysis uint; lL simple estimate ba.secI OIl the diflereace of the diacoDtinuous fiDite elemeDt .u-
(or strain) field with an "improftd"smooth solutioll. This AJo,m strateQ has been applied to the
analysis of fluid flow problems 124J. Different authors 1~9J.[19J haTe used aimilar AMR procedures
(or plate bending and sheD analysis. For. compreheuiTe remw of the topic of error eatimatioll
and adaptin mesh rebement see the rderence list of Chapter 14 of [26).

In this p.per we preaent an cnerriew of ctiJL:rent AMR strategies ba.secIon the Zienkiewics and ZIm
ettor estimator [1-6) for structural aDd luid Bow analysis. We wiD show how the AWR. algorithm
based OIl equal distribution of the error _ all the demcats rcqaira a can:fW ideDtiicat.ica of the
rate of convergence of the different enoc term. mYOIftCi iB tlae daip of the DeWeAemeDt •• 10
•••• d OKillations in the re6nement proeeu.



ADiJaterestiDsaltcnatift AYB. It.raWV call be hued _ the equaJ..diatnDatiaaol the "speci&c
error", i.e. the error z-r .-it .,. (•. 9lllwne) ill an tlaeelemeau ia the meah. We wiI _ thai
thia .uatesYallows to _trUe ~ uul ama8er --... ia _ wlaere.u-_~
(or •••••• imJit.iea)ClCClK._ it u-&d be -.-cted from the ~ paiDi 0I •••.

The .,.. 01 tIae •••••• is the faDowiIII: ba aezt eec:tiaau.e ~ • the a!QI' .aim- ••••• the
AWl. JIIOClild- ~ '- .u-l1ual -..J,- Me deWW. ExteuilIIl ol the __ ~
to deU witJafll••••• probI.u Me deacn"bed Den. FiDaJlJ. ~ exampJe. • appIicatiaa io the
aaal'" OIla plate uul ~ ~ olll~ _...-"bIc low Me p« ••••• aJamrmc tIae
poau"bilitiea 01 the .uo. ••••• IIbIdiell.

BASIC CONCEPTS OF EJLR.OR ESTDLATION

(a) E'f?Or ~. su- the &eudWsoluu- is uu-...a ~ to ~ ewaluaie
tbe error of the bite demeat ~ should be debecL

(b) AJ'l"V~ ~ ~ A bite eIemcDi8DlatioDis accepted as &CIln'eCi ••• the
estimated error salida lQDlepnKribed ,l4>W uul '-lCIDIlditioDa.

Both coneepta (a) and (b) are aplaiDed further ill Deldeec:tx-..

One of the IDOIItpopalar _ ••••••aten '- atnIctval ~ ~ is hued _ the enOl'
energy DOrm expressed as

where" are the eud Araaes, ; are the .u- ftl_ obtaiDed II-. tIae iDite eIcmeDl__ a-
and D is the constitutift matrix 126].
Since the ~ streues are ~ they are approximaied bJ

where ,,- call be obtaiDedbJ _pie lIOClalaftr&riDg,least ..- local aacI Pobal maoothiaS,or
other adequate projectioD_thoda II]. 13]. A simple approach is to _ a sJobel nodal amoothiq
with a lumped "m••• • matrix cin-s the nodal smoothed nlua, ":. for each nnJtaat au-
compoaeut iI i •

• M-J ( NT•..M\
", = D Jo ,";-'0

where MD. = kN,tln uu:I N, are the ch_ sUeu iD~ faactioas. !tl. (3) pad. aD
accurate smoothed 5t1'a1ifield ior low order elements.

The strain eDerV 01 tl-e exact salUboa •• timated as



•
lUl' = l:ll1If

i=l

•.here" is the _'s specified ftlue oC tJae pamiMaDle rdatift sIob.J _.

Eq.(I) aI10ws to debe "IIOW _ pu-ameter, ~ •••

left
~ = "nUl

Clearly the 'ftlues ~ ::S1deDate .-tisfectine oCthe Pba1 CITOr' criteriam. whaeu (, > 1iIIdicates
that further refinemeat it ~.

(b) The distributioD oC the --... in the mesh aatildiIs •. "mall aptimaJity critcriam". 'nais
eanlteaprased ••

•. here DeDiit the ad in each elemeut i aDd HeIr. it the - ftlll'Iired" __ ia
&lieelement, cleJmed KClIIdiD&I7 to tlIe mala optimaJity criterium choeelL.

rn- eq.(8) •• CIUI deiDe •. loc:.l _ panmeter ~. for ea.ch element i ••

it = leU.
lelr.

No&ethat a ft1ue oil it = 1dches &D -optimaJ" eIemcat Iise, whereu it >1aatl t; < 1iadic.ate
tha.t the Use of element i Deeds refiJM"Dft"t aad de-re'-t. reapecti'RiJ.

We CaD define noW' a.m,le eJe.eat refi-.-t,.,.,.elcr. cxvnbinipC tlIe aatisfadiaD of the ahoft
p.bal and local conditioaa ••



Use of this parameter is discussed in Dext 8eCtioD.

The definition of the required error in each element. Bell•.;. is a key __ aDd it atronclY aft"ecta tlIe
cliatributioD of the element ma. This dcinitioa call he bued _ diJI_t mesh optimality criteria
and _ of these Aft cliKaued ill sat 8eCtioIL,tocether witla the a-eral AMR. strategy.

A popular mesh optimality criterium far ltructuraJ analyW is hued _ the 10 called equal-
cliatribuUoa of the error , i.e. ••mesh is deined u optimal if the global error is equaDy didributed
_ the elements. On the buis of thia auumptiOll we can defiDe the required enor for each eJa-t
u the ratio between the sJobal error aAd the total Dumber of elements iJl the mall, i.&.

HeDOeD •• · = r.=, v"

The parameter €I call be readily iIlterpreted u the ratio betweeD the element error and the
cliatributed value of the permissible error oyer the mesh. However, tbe form €I = (i4 aDows
to derive the corred AMR strategy. Thus by Doting that the convergence rates of the elemeat and
global error norms are 118J

Defti ~ O(Ia"'>o;/i ~ O(h~+f)
lieU ~ OW")

where m is the degree of the lhape fUDctiou pol)'llomials (m = 1 for &near elements. m = 2 b
quadratic elements, etc.), and J is the number of dimensions of the problem (cl = 1.2,3 b ID,
2D and 3D problems, repectively) we can deduce that the new dement sise ra.. call be obtained ill
terms of the existing me ILi using the apreWOIl



'I'IaeexpnsaioD • ( si- by(16) tabs .to accoaai the cti&Iaat coawqeuce rates • the elaDent
and global err« 1lOnDS. The_than haft foUDd thai the _ of (18)Ieada to • _--.iateDt
mesh refinemeai which allows by an OKillatinS re and de-refinemeDt • mme meaIa -. Thae
problems are ow:rcome if apr (16) is ued (_ fint aample).

Some authors [91. 111] get rouDd this proIMem by ~ • relaxatiR fad« e sadl thaiei = e{i{9' or by ddining and "ad hoc· -.lae. ezpoIICIli _ in (17) {II.

A dear altem.atr.e to the c:ritcrimn of eq..r "Iibat_ ol the enol" ow:r aD the elemeaia is to
a-une that • meaIa is optimal if the enol' per 1IDit area (or -Iume) is the same Oft!' the wide
mesh. It is dew: u.- thai

wiIere Q is the required apeci6e enor ~ (0 $ ~). Obwiaaaly in (18) ili aDd 0 deDok the
element _d Wa1 area (or yobuoe) ~.

'I'Iaeelement enor parameter iiis cIebed BOW _ the ratio hetween the clement _d gw.J. specific:
erron, i.e.



Note that this expression coiacida with (17) ud it has beea (appareaUy) wmngly used by di!ferent
authon in the eontext of the optimality criterium hued OIlthe eqai-distn"bution or the global error,
studied in preYiOWlMldioll!l-9J, (11). The results obtained here clarify the coned form to be used
lor each mesh optimality criterium dIo.ea.

To our knowledp the criterium of eqaal-distributM. or the specific enol' .•••••orisinaly introduced
by Bugeda (20) aDd it has succasfqIy beea lIaed ill the c:oatczt of optimum .tructural deaip
proINema by Buceda and Oi_ 121J.

ERROR. ESTIMATOR. A.ND A.MJl STIlA.TEGIES
FOR. FLUID FLOW PROBLEMS

For aeepiDs iDCDIIlpreuible lowproblema the IoIlowiq error -.n hued OIl the analogy or Stokes
liow with elaaticity has beea succeas£ully used (24)

.here c, ", and ~ are exact "ftlua of stresses rates., deviatoric atraina and pressure and (:) stands
for computed "ftlues.

Sinee c, ", and ~ are not known, aD approrimatiOD of higher order 1lCCUl&ey than that civen by
the finite element method is used ••

Values or c· and ",. can be obtained by projecting the discontinuoa numerical solutiOll into a
c:ontinuc. basis. The simplest option is to use nodal averaging or diSCODtinUoaelement values.
BoweYer, more sophisticated Ioc:aJand global smoothing techniques can be used •• diacuaaed in a
previous section (see eq.(3». For"ftluea or ,. identical procedlU'<.'llcan be uaed. Bowner if ~ is
continuous it is usual to neglected its contribution in the error norm [241.

The porcentage error in the mesh is _w defiDed ••

If= M~ ~x 100
IIUII IIUII

The AMR strategy can _ be based on the same global and local error criteria studied ill a
previous section for structural problems and it inyob·es the foIlowins atepc:

1) Compute global and Ioc:aJerror parameters ~ and (; (Tis. eqa.(7) and (9». Computation
ol e, can be baaed on the criteria of equal distribution of the global error (eq.(12» or ol
the specific error (eq.(19)).

2) Compute new elements aiaea by eq.(lS) trith the element refiDement puameter e as civen
~. eqs.(lG) or (22), aecordingly to mesh optimaIity criterium chosen.



For high .peed low ait_timuI u.e ame AKR arat.,. CIUl be 1Ded. ~ the Iow-eluticity
Ulalogy does DOt hold and (23) will yield oaly •• appnuimatioD of the actual en'CK -.

boweveer uM:ful for practical applicatires

A ~ aliematift far -.dimeaIionaI _preaihIe low problema aul7-i wWa JiMK
demeata,• to au1IJDe the G'l'W b eachprabL;m-nabIe " u gj_ by

where I. Ii means aD aftnCC ft1ue _ ihe ith e1emest. The amditiaD of lUIifonD didnba •.•••.
tlae error implies _ IimplJ

("af I~l= I: (coutaDt)

Above coucepts can be extended to 2D/3D ilow ait_tioas to deri't'e the fD110wiDc AllB. stnt.eeJ:

1) At eadt elemeD1 center the foDowiDs IDlIirix is computed

IPwJI,.. _--
OJ - azolJz;

.. 1.2 far 2D problems
&,1= 1.2,3 _ 3D problems

where" is the 'fariable which enar. to be campated. Ttpically ,,= p (deDlity) 01''' = 11 (mada
DllDlber) are choeen.

2) The eigeDftlua of M &Ie cempated (i.e. 11, 11for 2D probJema). Fnlm eq.(28) it CIUl be
writteD

where "..un aDd 1- &Ie the specified value 01 the minimum clemeat IIiR aDd u.e mui_
eiceDva1ue computed ill the meah. rapectiYely.

3) Eq.(29) yields the __ eae-t __ u

Usually": = ": is takeD. thus implyiDs equallliR aemeata.. Bowe't'er the poaibility or ~
the elements (i.eo A: .; An hu also been nc:ceafu)ly exploited ill practice [22.23).

The mesh is redefined usillS tile __ elemeat me. gj't'e11by (30). TbiII can imply either rdinemeat 01'

ealarsemeDt of some elemeat _. The definition of the __ mesh call be hued OR the auichmeul
of the previous one, subdiYidiq 01' elimiDatiDc clements, or ill the complete rqeaentioD 01 a ••.
_h [22,23.25]. For the ~d option aD eftic:ieDt mesh seaerator £0£ trianplar or quadrilatcnl
dements 01 different orden haa to he uecl. This mesh se-rator should aIlcnr to combine atnadved
wiib unstnKiured mesbes m \be AIDe domain. An nam~ of appIieatiaD it the nwIeJhc of tile



boundacy layer ft!gioa with aD atructured mesh whereas aa _structured mesh can be used for the
rest of the flow domain. The IUlStructured mesh paerator used ill aD the examples presaated ill

next sectiOil is based _ the ad'Q.llciDc froBt technique [20,22,23).

It is inteft:stiD« to aote that this laat AILR straifV is ill £ad equift1eDt to that hued em the
equal distributioB of speci6e erTW atadied ill a prniou -=tiaD. Thia explaUas its better ability to
captme the discoatinaities iJuluced by &bocks ill practical hypenonic 10•. com.putaUoas (18), (221,
[231, (25).

The first example is the analysis of a simply supporied squue plate UDder wWonDly distnouted
loading. Figure 1 shows the reometry of the plate,m&ierial properties &Dei the initial mesh of 68
six nodes tri~ Reisaner-Mindlin plate elements based on an assumed shear stram formulation
114-16). The plate edges are -ft simply supported(", = 0) to_ure the development ofa boundary
layer due \0 the zero T&luesof the twist moments alone the supported sides. The values of m and
Ii in eq.(16) are m = 1 and Ii = 2 in this ca.se.

/'

~"J7 T£ x.;. \
1<.. \-

L

L .10.0
t • 0.5 (1biI:kDea)
E -10.92
•• -0.3
B.C.: Soft simply SllJlPOIlCd
Load: UIIiform q=O.5

~ 1. Symmetric q-u<!r_ 01 aa ..uron.1J' loaded plate widl •••• ' •••••••• 81lJlIlClI1L bitiaI
_~ oilS tIi&qwlar plate de_to la,IS).

Figure 2 shows the sequency of rdined meshes obtaiDed with the t1uee AMR strategiea atuc:lied ill

the irst pvt of the paper. A T&lueof the permissible cJobal err« '1 =5% has been chosen ill this
case. First columD (strategy A) shows the results obtained using the criterium of equal-distribution
of global error over all the elements aDd the (wrong) T&lueof { defuUng the new dement sizes, as
giv= by eq.( 17). Note the oscillations in the AMR process clearly shorn by the a1ternatin re and
de-refinements of the same mesh zones.

R.esuks labelled as stratqy B ill Figure 2 bYe beeJI obtained witJa the same mesh optimality
criterium, but using now the correct expression fm { as liVeD by eq.(16). Note that the reli __ t
oscillations dissapear and the AMR process conYerSes in • consistent manner.

FiDaDy resuhs b strategy C haft been obtained with the mesh optimality criteri1UD based OD the
equal distribution of the specific error, .nth the element siR parameter ( u liva by eq.(22). It
can be clearly seen that: (a) The AMR process cooyerges without oscillations, aDd (b) This AMR
strateg.l' conceutrates more aDd unall.". elements in th~ ricinity of the supported edge (where the
error i, greater due to the 'boUJIduy layer eied), whmu in the /:enter of the plate higser elements



PipJe 2. S~ric q••••••• of_ aaiIanmy '-led plate WIo "oaft- •••• ........,na. Seope.- "' •••••••••••
.-itlt A1II1I. ott•••••••••"-01 -= (A) EqsaI diouib.tioe '" sIobaI •••••• a.d iIlcouisteat debitiaa "''''''-
(1- ell.(IT)); (8) We. .-itlt t ••••••••••u, ••••• '" •.•..(16) •••• (C) EqsaI ctiotrihoniaa"' ••••• _.



than in preTious cases are allowed. The prize to be paid is the increase in the total number of
elements with resped to strategies A and B for the ume global &CCUr&CJ.

A summary of the main results obtained for this example is Vnm in Table I. Col11DlDS1, 2 and 3
show the number of elements, the total strain energy and the sJohal error parameter (, for each
mesh. Columns 3, 4 and 5, 6 show the a"eR8e Yalue of the local error parameter <ll). and ita
mean deviation (O)r _ each mesh for the two op&imaIit)' criteria gudied, respectiYely. From
the uumbers shown ill the table we ded_

(a) Strategy A (equal distribution of global error and nODconsistent definition of () converges
to the ~Iobal permisible error chosen. On the order hand, the remeshinc inconsistencies
previously mentioned yield osc:m.tions in the mean denatioD 01 the local error parameta'
(colum.n 5).

(b) Strategy B (Equal distribution of gIoba1 error and the riPt ddiniw. of () also conYerges
to the global pennissible error and it shows a consistent distribution 01 the local error (_
column 5). Note a small oscillation in the mean deviation of (; b the final remeshi~
stages once the ·optimal mesh· has been reached.

(c) Strategy C (Equal distn"bution of specific error) CODYerP to the global error showing no
oscillations in the distribution of dement sizes. Bo••.~, DOte that the number of elementa
involved ill the final meshes is much bigger thaD that obta.iDecl with strategies A and B.
This is due to the finer discretisation due to the zones with high stres6 gradients.

Also note that by comparing columns 5 and 7 IOme aJIlclussions between the diHerent
"philosophies" of the AMR strategies based on the equal distribution of the glOMI and the 'p«i~
errors can be drawn. For instance, _ CaDsee that jhe simultaueous satisfaction of both optimality
criteria is not possible, as expected. Further instructive conclusions CaDbe extracted from these
results and they .nn be reported in a separate publication [181.

Figure 3 shows the geometry 01 tbe problem and tbe initial mesh of 2SO three node triangular
elements •••·ith equal interpolation for all "fariahles. The analysis bas been performed solving the
compressible Euler equations using a Taylor-Galerkin approach 121J, 123], 125] with the AMR
strategy prcsented in last part of previous ~dion. Figu~ 3 also shows the sequence of adaptift
remeshings a.nd the results {or the pressure contours obtained with each mesh. The improvement
in the definition of the shock is ob\"iom.

The final example corresponds to the laminar inviscid nOll reactive flow past a double ellipse
for Moo = 8.5 and Q = 30° 125J. Again numerical results haft been obtained by solving the
compressible Euler equa.tions .••.ith a Taylor-Galerkin a.pproach and 3 node equal interpolation
triangles. Figure 4 shows the finite element meshes obtained after three consecutive remeshiugs
using the same AMR strategy as in previous example. Figure" also shows the Mach number and
pressure contours, and the plots of the pressure coefficient and the Mach number variation along
the stagnation streamline for the finer mesh are.

In this paper t.••.o different mesh optimality criteria based on the equal distribution of the gloW
and Jpecific error in • finite element mesh have been studied in the context of structural and llaid



problema. We have seen that the correct evaluation of the rate of convergence of the different error
norma involved in the AMR strategy ia euential to a¥Old oscillations in the refinement procea.
Also, the mesh optimality aitai. buecl on global and 6p«ijie error distribution are conceptually
very different. Thus, whereu the fonDa' Ieada to meshes with amaDer number of elementa, the
second captura better the dfed of high gradienta. Further research should al10w to balance the
pouibilitea of these two criteria for ue ia practical structural and Auid flow applicatiou.

&qui diotlibatioa &qui .u.tn1M&tioa

•• DUB ~ 01 sJob-I enor <II opeciic en ••
•••••• cm. (m.. Cl!\. .cO)...

STRATEGY A

•• 28.&32511 2.7074 1.000 1.272 1.C114 1.740
3~ 29.454'" 1.5824 1.000 1.0t8 2.1" 18.052
821 29.803484 0.951' 1.000 1.552 3.4'2 32.311
13. 29.7594561 0.'211 1.000 1.430 3.5" 28.100

'" 21.861291 0.8514 1.000 I.J66 4.023 37.J"
863 21.117M4 0.9180 1.000 2.425 1.513 22.261

1040 21.8149541 0.8550 J.OOO J.554 1.651 sa.'M
STUTEGYB

•• 28.612598 2.7074 1.000 3.272 1.014 3.740
4J5 21.615824 1.5'22 1.000 ..- 1.m 11.'35
.23 29.83t5M 0.tl78 1.000 2.'72 2.m 30.017

JOO1 21.836037 0.9274 J.OOO J.481 I.J'3 21.755
JOSS 29.847&35 0.8118 1.000 J.212 3.400 33.205
J024 29.84SS43 0.8702 J.OO8 1.11' 3.410 15.147
tll 29.834133 0.1532 1.000 1.310 3.713 31.133

STIlATEGYC

•• 21.632598 2.7074 1.000 :1.272 1.014 3.740
361 29.485505 1.5276 1.000 2.752 2.277 1'.401

J617 29.6&2817 0.85114 1.000 7••74 2.137 7.863
3079 . 29.48102J 0.9310 J.OOO 43.741 1.037 0.662
394J 21.'331. 0.9251 1.000 U.376 0.877 0.310
4243 21.7..,83 o.'m 1.000 24.2J5 1.5J' 0.121

TA.BLEL 5,,_etric •••adraats <II •• uif-t, '-led plale witll "IoIt· IimpIe_ppartL Scae••1iotical-JU <II
theA.Vll~.
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