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ABSTRACT

A numerical algorithm based on the CVBEM (from Complex Variable Boundary Element
Method) for plane incompressible potential flow around aerofoils and cascades is described.
The method is based on the representation of the complex disturbance velocity by means
of a Cauchy-type integral around the foil. The Cauchy density function is approximated
piecewise linearly and a linear system on the nodal values is obtained by collocation at the
nodes. The Kutta condition is imposed via a Lagrange multiplier, in contrast with the least-
squares formulation used in a previous work[3]. For cascades, the problem is conformally
mapped by a simple hyperbolic function (exponential or hyperbolic tangent) to a related
problem with only one profile and one or two poles. Thus, the cascade problem is accurately
solved with minor modifications to the single profile code and at the same cost of a single
profile computation. Finally, several numerical examples are shown: single Joukowski and
NACA profiles, interference coefficients for the flat plate cascade and a plane cascade at the
external cylindrical section of an industrial fan.

1. CAUCHY REPRESENTATION OF THE PERTURBATION VELOCITY

Consider a plane flow of an incompressible irrotational fluid around an aerofoil. The potential
and stream functions ¢, ¢ are defined such that: (uz,uy) = (04/0z,8¢/0y) = (8¢/dy, ~8y: /1),
where u = (uz,uy) is the velocity vector. As is well known, ¢ and ¢ are conjugate harmonic
functions and a complex potential = ¢ + i) can be defined, which is an analytic function of
the complex coordinate z = z + iy. The complex velocity is obtained as W = u, —iv, = dd /dz.
Now, the complex velocity is decomposed as an external part coming from the superimposed
homogeneous flow we, = uge™'™ (see figure la), and a perturbation term w(z): W(z) =
Weo + w(z). We will see later that for cascade flow Woo has to be replaced by the field produced by
two poles. Being W(z) analytic in the exterior domain D™, and continuous in C, it can be shown
that the Cauchy integral reduces to:

% cgdt:—W(z)+wm, for z € (D™ - () 1)
where C is a counterclockwise oriented curve on the aerofoil (3, 5]. For z in C the integral is singular
and it must be evaluated in a principal value sense [5]:

1 W)
2 /; o dt = ~1LW(z) + we, forzel (2)
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Figure 1: a) External flow geometry description. b) BEM discretization. c) Implementation
of Kutta condition. d) Definition of discrete tangent at node z;

2. DISCRETIZATION
Our work is based on the paper from Mokry [3]. The contour C is approximated by a closed

polygonal joining the nodes {z;}, = 1,..., N, numbered in counterclockwise sense. Thesegments
{2, 2j41] is called the e = j + 1/2-th element (for the first (e = 1/2) element, zy = z)y is.assumed).
For the computation of the integral in the left hand side of (2) we assume that W varies linearly
in each element. Thus, the integral can be computed in closed form as:-

1 Zi41 — 2§
1 A W Zr2
LW + omi Wilog ( ) +

Zi-1 — %

N-Y
1 z°+l/2 A e
+m Z [<—> hiWe—lb-{-

e = 1/2 z¢+l/z - zc—lfz

eFitlh
+ (__zﬂ) h;WH_%] = v (3)

Zetly T 2y
where h§ = log[(z,_,_lfz - 2:,~)/(z¢_1/2 — z;)], and 2,41, are the extreme nodes of element e (see
figure 1.b). Each contribution on the sum, is the corresponding contribution from the integral over
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the element e. The contributions from the adjacent elements e = i + 1/2 to node i are singular but
their sum is finite and, after a limiting process, the second term of the left hand side is obtained
21

Replacing (3) in the integral formulation (2) we arrive to a linear system of N complex equations
in the complex nodal velocities: A;;W; = bj, where b; comes from the homogeneous imposed
field woo. Now we redefine the nodal velocities to local axes as: Wiec,; = Wje'™i, where v; is the
angle between the local tangent at the node (see figure 1.d) and the real axis, so that the real and
imaginary part of Wiec,; are the tangential and normal velocity components. The discrete tangent
at node z; is taken as parallel to the segment joining the adjacent nodes J £ 1. The resulting
system is: Aloc,i;Wioc,j = b;.

For the application to external flow problems, the normal velocity at the nodes are zero or a
prescribed value, having the signification of a transpiration flux coming from the computation of the
boundary layer, for instance. The system has, then, 2N real equations with iV real unknowns and,
to solve this overdetermination, either the real or imaginary part of the system (or a combination
of the two) could be taken, but, it can be shown that the conditioning is much better if the real
part is taken. The resulting system for the tangential components of the nodal velocities is of
the form: Kjjve; = b}, i,5 = 1,..., N, where now all quantities are real. A similar formulation
could be based on the complex potential, rather than on complex velocities, but it is somewhat
more difficult since, for the lifting case, the former is discontinuous. Moreover, as the quantities of
interest are velocities and pressures, with the complex velocity formulation we obtain an O(N~?)
convergence, in contrast with the O(N=!) for the potential-based one.

The treatment given here has a rather “structured flavor”, but a non-structured code based on
element-by-element processing, have been implemented by us.

3. THE KUTTA CONDITION

In the lifting case, one additional condition, namely the Kutta condition, must be added. This is
done by imposing null normal component of the velocity to the bisecting line M N of the trailing
edge angle 2¢ at a neighboring point K, lying on M N near the trailing edge C = TE (see figure 1.c).
In practice we have taken: KC = (AC + BC), withe =1 /100. This velocity is computed from the
discrete version of equation (1), and the resulting discrete linear equation is of the form: cjvg,j = d.
As one equation has been added to the system we must either discard one of the original equations,
or either add a new unknown. If the matrix K were singular, of rank N'—1, then any of the original
equations could be discarded and replaced by the Kutta condition. However we verified that the
matrix is singular only in the limit of infinite nodes. We mean by that, that N —1 of the eigenvalues
of K are different from 0,i.e. ); > ¢>0,i = 1,...,N — 1, and there is an eigenvalue Ay which
approaches 0 as N — 0o. Thus, the result of throwing away a row is not independent of the actual
row which is eliminated, and spurious oscillations are found in velocities and pressures near the
node whose equation has been thrown away. Another fact, which is observed, is that the matrix K
tends to be a symmetric matrix as N — co. Then, we impose the Kutta condition via a Lagrange
multiplier A in a symmetric-formulation:

K c][wv b’
N A 4
[& sk -[4] ®
The overall system is not symmetric since K is not symmetric for finite N. The extension to
multiple aerofoils is trivial, and the description will not be given here.

N
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Another possibility, proposed in [3] is to solve the overdetermined system in a least-squares sense.
The advantage of the present formulation over the least-squares one is that a much higher condition
of the system is obtained with the later.

4. NUMERICAL EXAMPLES: APPLICATION TO SINGLE AEROFOILS
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Figure 2: Joukowski profileat a = 5°, 64 Figure 3: Convergence of proposed CVBEM
elements. for an ellipse

4.1. Joukowski profile

In figure 2, we see the pressure coefficient computed for a Joukowski profile (12% thickness, 4.6%
camber) at an incidence of @ = 5°. The exact distribution is shown as a solid line. The mesh has 64
elements and it has been generated by applying the Joukowski transformation to an homogeneous
grid on a circle. In this way, a quadratic distribution of nodes is obtained near the leading and
trailing edges. The coincidence is very good, whereas it has been stated {3] that CVBEM is not well
suited for profiles having zero angle at the trailing edges.

4.2. Numerical study of convergence

We computed the error for the case of an ellipse b/a = 0.25 at incidence a = 33.75°, for N =64,
128, 256 and 450 nodes. The error in c, is computed as: (r.m.s. error)? = 2_5lep,i = (€p.ex);)?, and
(max. error) = max; |cp,; — (Cp,ex);j]l, and they are ploted versus N in a log-log axis (see figure 3).
The observed convergence rate is O(N~2), which is optimal for the approximation used.

4.3. NACA proflles

Regarding profiles with non-zero angle at the trailing edge, we computed the flow around the
NACAOO12 at o = 5° and NACA4310 at a = 2° with 64 elements profiles and the corresponding c,
distributions at are shown in figures 4 and 5.

5. APPLICATION TO PLANE CASCADE FLOW [1]

Consider the geometry shown in figure 6. A typical calculation consists in, given the vector
velocity upstream 1wy, to compute the vector velocity downstream wgowg and, also, distributions
of pressure and velocity around the aerofoil. By continuity requirements Re {wup} = Re{wdown}
but, in general, Im {wyp} # Im {waown}, so that we can put Wyp = U — W, Whoun = 4 —0'. The
deflection of the velocity vector is related to important global quantities, such as compression ratio,
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Figure 6: Left: cascade geometry description. Right: Transformed cascade in ¢ plane.

net force and power, etc..., much in the same way the circulation is in the theory of the single
aerofoil. A straightforward application of the method to a cascade of aerofoils is to compute the
flow around a finite, but large, number of aerofoils. This procedure has two main drawbacks:
firstly, the cost of the computation increases with the cube of the number of aerofoils considered
and, secondly, the fairfield flow deflection can be incorrectly estimated, since a finite deflection at
infinity downstream can be generated only by an infinite row of aerofoils [3].

We transform the cascade conformally by: ¢ = exp(27z/s) where s is the spacing of the cascade.
The infinity upstream zpy = -oo + b is mapped on (y = 0, and the infinity downstream
zp = +oo + tb is mapped to (p = 00. It can be verified that all the aerofoils in the z-plane are
transformed onto the same profile in {. Thus, the strategy is to solve the problem in this plane and
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transforming back the results to the z-plane. As usual, the complex potential is invariant-under
the transformation, i.e. ®(() = &(2(()). We can,”then, obtain the expression for the complex
velocity v in the ( plane near (y: v = d®/d(= (d®/dz)(dz/d()= wyp(s/2n() The application of
the method is now straightforward: we, is replaced by wext = wups/(27¢), which modifies only
the right hand side of the systerr of equations. Of course, the geometry is previously transformed
on the ¢ plane. Once the complex velocities in the { plane, v; are obtained, the corresponding
velocities w; in the z-plane are easily found from:

d
w= -(-l-d(; = %d(/dz = v(2n(/s) (3)

As only tangential velocities are of interest:

27(’(1'

We,j = Vt,5

(6)

The circulation T around a single aerofoil of the row is computed directly in the ¢ plane, since it
is invariant under a conformal mapping. The tangential velocity downstream is computed from:
Im {wyp} = Im {wyown} — I'/s.

If the downstream velocity is prescribed, the transformation z = exp(—272z/s) is used, instead. In
this way, the infinity downstream is mapped onto (p = 0 and the infinity upstream to (y = oo,
and the remaining computations are similar. If the average velocity is prescribed, which is a
rather common situation, then the flow can be computed as in (5) with two distinct tangential
velocities Im {w.,,,]»ll2 and the desired average value can be obtained by superposition. Another,
perhaps more elegant, option is to apply the transformation ¢ = tanh(rz/s). Now (yp = %1,
and none of the tangential velocities are known, but two linear relations between them and the
circulation around the aerofoil can be written, and a linear determined system is obtained again.
The treatment described here for cascades is different from that of Mokry.

6. NUMERICAL EXAMPLES: APPLICATION TO CASCADE FLOW
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6.1. Tip cylindrical section of an industrial fan

The blade section has a 6% maximum thickness at 22% chord from the leading edge, and 6%
maximum camber at 37% chord. Two values of spacing are considered: $ /¢ = 3.3 and 0.825.
The geometry for the cascade and the blade section are shown in figure 6 (left), for the case of
s/c = 0.825. In the right it is shown the transformed profile in the ¢ plane, and also an undisturbed
streamline (a logarithmic helicoid) for flow parallel.to the chord. The profile was modelled with
128 elements quadratically refined near the leading and trailing edges. The ¢p distribution is shown
in figures7-8. For s/c = 3.3 it is compared with the prediction from another potential model (solid
line) based on a Theodorsen transformation [4]. This last algorithm is spectrally convergent and we
estimate that the given distribution is exact to machine precision. For s/c = 0.825 the Theodorsen
algorithm failed to converge.
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Figure 9: Left: Interference coefficients computed by CVBEM. Right: Real and transformed
planes z,¢ for v = 70° and s/c = 1.
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Figure 10: Analytic interference coefficients. Figure 11: Finite thickness effect, v = 70°.

6.2. Interference coeflicients for the flat plate cascade [1]

The intetference coefficient is defined as ky = I'(y, 8)/T(7, o), where T'(v,s) is the circulation
around one profile from a cascade of the specified stagger and spacing, for a mean flow ({wo,) =
(wup + waown)/2) inciding at 90° with the plate (see figure 9, nght) I'(7,0) corresponds to the
circulation ‘around an isolated plate’and for the flat plate at 90° is I'(y,00) = 7 (we assume a
unitary length for the plate). Figure 9 (right) corresponds to the actual configuration at s = 1,
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v =70°, and it is shown also the transformed foil in the ¢ plane. For the computation, the plates
have been replaced by very thin ellipses (relative thickness=1%) discretized with 256 elements. The
mesh was constructed applying a Joukowski transformation to a homogeneous grid on a circle.

This is a very hard case because of the very small angles at the leading and trailing edges and also
because that, at very low spacing, the transformed foil in the ¢ plane spirals logarithmically at
the origin giving rise to very different element sizes. For instance, at s/c = 0.3 and v = 10°, the
difference in size between the elements at the transformed leading and trailing edges is a factor
~ 10®. The computation have been carried out for 4 = 10°,20°,...,90° and 65 values for sfc
interpolated logarithmically between 0.3 and 4. In figures 9 and 10 we see the computed coefficients
and the exact ones, obtained by conformal mapping. Some small discrepancies are present at low
spacing, which we attribute to discretization errors, specially to the finite thickness of the foil
actually used. Consider, for instance, the curves for ¥ = 70° which have been superimposed in
figure 11. The analytic coefficient behaves ~ s for small s, whereas the tangent to the BEM-
computed one is parallel but predicts a null k¢ for a small positive s, as it would be expected to
occur for a finite thickness foil.
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