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Abstract. In the last years, applying wavelets analysis has called the attention in a wide variety of prac-
tical problems, in particular for the numerical solutions of partial differential equations using different
methods, as finite differences, semi-discrete techniques or finite element method.

Due to function wavelets have the properties of generating a direct sum(&f) and that their
correspondent scaling function generates a multiresolution analysis, the wavelet bases in multiple scales
combined with the finite element method provide a suitable strategy for mesh refinement.

In particular, in some mathematical models in mechanics of continuous media, the solutions may
have discontinuities, singularities or high gradients, and it is necessary to approximate with interpolatory
functions having good properties or capacities to efficiently localize those non-regular zones.

In some cases it is useful and convenient to use the Daubechies wavelets, due to their excellent
properties of orthogonality and minimum compact support and for having vanishing moments, providing
guaranty of convergence and accuracy of the approximation in a wide variety of situations.

The present work shows the feasibility of a hybrid scheme using Daubechies wavelet functions and
finite element method to obtain competitive numerical solutions of some classical tests in structural
mechanics.
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1 INTRODUCTION

Let us first recall that Finite Element Method (FEM) is the classical and standard numerical
technique to solve many engineering and physical problems in mechanics of continuous me-
dia, computing structures in civil or mechanic engineering, etc. Commonly, the method uses
polynomial interpolation or any approximation functions in some steps of the calculations.

In many numerical simulation of mathematical models in physics the appearance of small
scale structures that exist in only small parts of the domain is common. Wavelets provide a
natural mechanism for decomposing the solution into a set of coefficients which depend on
scale and location.

In this work, wavelet-based FEM in structural mechanics is proposed by using Daubechies
wavelets, following the ideas presented M et al, 2003, (Chen et al.2004). The wavelet-
finite element scheme is constructed in a similar way to the conventional displacement-based
FEM: the wavelet functions are used as the displacement interpolation functions and the shape
functions are expressed by wavelets. Then, for the Euler Bernoulli beam model, wavelet-finite
element formulations are derived.

The accuracy of this approach is investigated in some numerical test cases. The proposed
wavelet finite element method shows high accuracy and good convergence properties to solve
problems in structural mechanics.

2 WAVELET ANALYSIS: BASIC CONCEPTS

Wavelets are functions generated from one single function called the mother wavelet by the
simple operations of dilation and translation. A mother wavelet gives rise to a decomposition
of the Hilbert spacé.?(R), into a direct sum of closed subspad€s, j € Z.

Let ;. (x) = 27/%(27z — k) and

VV]‘ = ClO%Q(R) [%,k ke Z] (1)
Then everyf € L*(R) has a uniqgue decomposition

F@) = gale) + gola) + galw) + - @)

whereg; € W; forall j € Z, itis

LRy =) W,=-aW ,eWyeW &--- ()

JEZ

Using this decomposition df?(R), a nested sequence of closed subspagese Z, of L?(R)
can be obtained, defined by
Vi=-@W, 2 ®W,_,. (4)

These closed subspacgs;, j € Z} of L*(R), form a “multiresolution analysis"Ghui, 1992
with the following properties:

1. -CcVyaCcVoC V.-
2. clos:(JV;) =L*R)
3. NV, = {0}

655



4. Vin =V, oW
5. flw)eVie f(2r) € Vi, jEL

Let ¢ € V, the so-called “scaling function” that generates the multiresolution analysis
{V;};ez of L*(R). Then

{o(-—k): keZ} (5)
is a basis ol{), and by setting
Gjn(z) i=22p(20x — k) (6)
it follows that, for eachy € Z, the family
{@j - k€ Z} (7)

is also a basis of’;.
Then, sincep € V; isin V; and since{¢, ;. : k € Z} is a basis of/, there exists a unique
sequencdpy } that describes the following “two-scale relation”:

dx)= > prd(2r —k) ®)

k=—00

of the scaling functionp.

2.1 Daubechies’s wavelets

Different choices forp may yield different multiresolution analyses, and the most useful
scaling functions are those that have compact support. As an example of multiresolution analy-
sis, a family of orthogonal Daubechies wavelets with compact support has been constructed by
Daubechies@aubechies1992.

A wavelet basis is orthonormal if any two translated or dilated wavelets satisfy the condition

/mmmmwwmmz%mm ©)

whered is the Kronecker Delta function.
Each wavelet family is governed by a set ®f (an even integer) coefficiengs, : k£ =

0,1,..., N — 1through the two-scale relation
N-1
on(x) =D prdn (22 — k) (10)
k=0
Based on the scaling functiahy (x), the mother wavelet can be written as,
1
Un(@) = D qon(2r — k) (11)
k=2—N

Since the wavelets are orthonormal to the scaling basis the coefficients of the scaling function
and the mother wavelet for the two-scale equation are related by:

g = (—1)Fpi_y, (12)
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In her work, DaubechiedD@ubechies1988 found and exploited the link between vanishing
moments of the wavelet and regularity of wavelet and scaling functiogsand¢. The wavelet
function) hasK vanishing moments if

/ka(x)dx =0 for 0<k<K (13)

and a necessary and sufficient condition for this to hold is that integer translates of the scaling
function ¢ exactly interpolate polynomials of degree upio That is, for eactk, 0 < £ < K

there exists constantssuch that
k= Z chﬁl(x) (14)

Daubechies introduced scaling functions satisfying this property and distinguished by having
the shortest possible support. The scaling functigr{wherelV is an even integer) has support
[0, N — 1], while the corresponding wavelet; has support in the interval — N/2, N/2] and
has (V/2 — 1) vanishing wavelet moment®éubechies1988. Thus, according to equation
(14) Daubechies scaling functions of ord€rcan exactly represent any polynomial of order up
to, but not greater thatv/2 — 1.
The coefficienty, in equation {0) are called scaling function filter coefficients and satisfy
the following conditions based on the orthonormality and moment conditions.

N-1
D=2
k=0
N-—1
> i Pream = 200m for m=0,1,...,N/2—1 (15)
N-1
> (D k", =0 for m=0,1,...,N/2—1
k=0

2.2 Computation of derivatives

In constructing aC'! element, the derivatives of Daubechies scaling function have to be cal-
culated. Because there is no explicit expression for the Daubechies scaling function, the deriva-
tives can be obtained only on some special points. To evaluate the function or its derivatives,
gb%") (x) = d"¢on(z)/dx™, the two-scale relation is differentiated times:

o8 ( —2MZpk¢N (20 — k) (16)

Since suppoy(x) C [0, N — 1], it is certain that
supp. ¢3" (z) € [0, N — 1] (17)
At all integer values of the intervdd, N — 1], Eq. (16) gives the followingV linear equations:
N (0) = 2"poeyy” (0)
(1) = 27[pod ™ (2) + piofy” (1) + paoly” (0)]

(18)
(N = 2) = 2" [py 360 (N = 1) + py 20T (N = 2) + py_1607 (N — 3)]
(N = 1) = 2"y 160 (N = 1)
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The coefficients-matrix of the homogeneous syst&8) is singular. Thus, a normalizing con-
dition is required in order to determine a unique solution. The following important additional
property of Daubechies scaling functiog can be usedBeylkin, 1992):

m

D k"on(x—k _:cm+z e é,k,m’“/ o (2)2"dz (19)

k

wherem is a positive integer number. Differentiatimgtimes the above equation yields:
> kS (= k) = ml (20)
k

Adding this normalizing condition to1@), this system of inhomogeneous equations can be
solved and derivatives can be evaluated at integer valuesotl used to get the values at the
dyadic points. Using the two scaling relation once again the valueﬁ,c))(x atz = 5 for
i=1,3,5,...,2"(N — 1) — 1 can be determined. Therefore, the functions are flrst evaluated
at the integer point§0,1,..., N — 1} and then subsequently at half integers and so on by
increasing the value of from 0 to the desired resolution.

X}
o6t

0.4 V\/\/\/
ot -

0.2

-0.2

Figure 1:Daubechies scaling functions (N=12). Leftix). Right: ¢'(x).

2.3 Computation of Connection Coefficients

When the wavelet-finite element method is applied to solve one dimensional differential
equations, different types of connection coefficients are requuagtb(et al, 1995, such as the
following:

Ly = / O(E — i) ¢ — j) dE (21)

wherei, j € Z, ¢(z) denotes the basis function and the supersctp@ndd, refer to differ-
entiation. These typical coefficients give rise to the local stiffness matrices of the method. The
details are discussed in the following sections.

The typical problem that arises when using Daubechies wavelets is how to calculate these
connection coefficients whefi{z) is a Daubechies-wavelet scaling function. The highly oscilla-
tory nature of the Daubechies basis functions makes standard numerical quadrature impractical
for computing connection coefficients (see Fiy. The numerical calculations are in general
unstable and it is necessary to provide an alternative methaitio et al. developed an exact
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method for evaluating connection coefficients on a un-bounded domain of integration, like the
following:

P _ / P (¢ — i) ¢ (¢ ) de (22)

However, on a bounded domain for the evaluation of connection coefficlé‘gh’[%, some ad-
dittional considerations are requireBigylkin, 1992.

To calculate the integral in the equatiodl), Beylkin proposed to do the following: to
substitute the two-scaling relation, given by equatidd) (into equation 21), which yields

1
Pt = 2t N /O 61 (26 — 20 — k) %) (26 — 25 — 1) de (23)
k,l

Recourse to adequate transformations ($edtq et al, 1995,(Beylkin, 1992), lead to the
following expression

1
Li =2 ) p / U (€ — 2 — k) 9 (€ — 2j — 1) de
. O (24)

1
+ / S (€ — 20— k) $ (€ — 2j — 1) de)
0

whered = d; + d,. According to equation1), equation 24) can be expressed in terms of the
original connection coefficients (seBdylkin, 1992) as

d1d2 _ d—1 d1d2 d1d2
Fi,j =2 § :pk;pz [F21‘+k,2j+l + F2i+l<:—1,2j+l—1]
k.l
d—1 did
=2 E [Dr—2iDs—2; + pr—2i+1ps—2j+1]rr,1s ?

s

(25)

or in matrix form
[=2'pT (26)

wherel is now a column vector anff is a matrix composed of wavelet coefficients combina-
tions.
Equation £26) can also be written as,

7P -NI'=0 (27)

where! is the identity matrix.
In order to uniquely determine the connection coeﬁicid?jf@é{ properties of scaling func-
tions should be employed to generate sufficient number of inhomogeneous equations.
Just as shown in equatiof4), Daubechies scaling functions of ord€rcan exactly repre-
sent any polynomials of ordenr, with 0 < m < N/2 — 1.

2™ = Z cito(x — k) (28)
k
Thus, differentiating the expansio8) d; times, the following expression is obtained

m(m—1)...(m—(dy — 1)) 2™ =Y o™ (z — k) (29)
k
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In addition, equationZ9) is used withn, 0 < n < N/2 — 1), andd, instead ofm andd,,
respectively. Then, multiplying both equations and integrating the product, results

1 1
/7m”on—m+1m”4n—@+LwHWM§:§)$¢/nﬁ“¢&%ﬁ (30)
0 k‘,l 0

whered = d; + ds. Or equivalently,

mn...(m—(d—1))(n—(dy—1)) did
— mnFIQ 1
m+n—d+1 %;%q il (31)

Sufficient number of inhomogeneous equations can be obtained by using different values of
andn. Adding them to equatior2{) connection coefficients can finally be determined uniquely.

3 EULER-BERNOULLI BEAM EQUATIONS

The static governing equations of the Euler Bernoulli beam model can be written as follows
(Bathe 1982:

Q) = —qla) (32)
M(z) = Q) (33)
X(z) — % (34)
X(z) = 0'(z) (35)
8(z) = —'(z) (36)

whereq(x) is the external loady)(z) and M (x) are the shear force and the bending moment
respectivelyu(z), 0(z) and.X (x) are the deflection, slope and curvature functions, respectively,
and the prime denotes differentiation with respect to the spatial coordinate

The set of differential equation8%), (33), (35) and @36) represent the equilibrium and com-
patibility equations, respectively, while the algebraic equati#) is the constitutive equation
relating curvature and bending moment through the spatial variable flexural stiffiiess )
defined by means of the Young modulti§z) and the inertia moment(z).

Combining the compatibility and constitutive equations, given by equati®fjsahd 36)
yields to the following second order differential equation relating the bending moment with the
second derivative of deflection.

E(@)I(a) (x) = ~M(x) 37)

Having into account also the equilibrium equatioB8)( (35) and @3), it is obtained the Euler-
Bernoulli differential governing equation, in terms of deflection only, as follows

[E(2) I (2)u"(2)]" = q(x) (38)

This is a linear fourth order differential equation of with variable coefficients, defined on a
domain as the interval < x < L, whereL is the length of the beam.
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When this equation is integrated, there appear four arbitrary constants, so that four additional
conditions must be imposed to determine the solution uniquely. These additional conditions
come from the boundary conditions of the problem.

Integration of equation3() is usually performed for statically determinate beams in view of
the knowledge of the bending momet(x) through the equilibrium equations, otherwise the
more general fourth order differential equati@8) has to be used.

Research fields such as fracture mechanics might require the study of beams presenting vary-
ing loads and singularities along the beam span. Moreover, cases showing abrupt changes of the
cross section might result in the appearance of discontinuity in the kinematics solution function
such as curvature and slope functions.

In this paper, the problem of integration of E28J is analyzed in two different cases: the
first example is a beam with linearly varying load and the second one a beam with singular
flexural stiffness.

3.1  Non-uniform loaded beam

A beam of length2 L with equal cross section and constant bending rigidigy, is non-
uniform loaded. Only on the right half segment a linear load is applied, which has the ex-
pressiong(z) = Kqo(7 —1) L <z <2L.

An exact solution can be obtained by integrating the differential equation and closed form
solutions in terms of deflection, can be written as

1 KIL? 1 KL
w= -2 [co + 1z + =(ca + o2 + (e — ——)2)
Eoly 6

<z <L
5 5 5 0<z< (39)

Q@ K2 Kzt 3 x> KL3 KL*
= [ - te3—te——+ —1— ——
Egly 1201 24 6 2 24 120

where, the integration constantsare obtained by means of enforcement of boundary condi-
tions.

w ] L<z<2L (40)

3.2 Flexural stiffness discontinuity

In the second case flexural stiffness singularity is modeled by the unit step function, as it was
analyzed inBiondi and CaddemR005. So it can be expressed as,

E(z)I(x) = Egly[l — yU(x — x)] (41)

where0 < zy, < 2L, U(x — zo) is the well known unit step or Heaviside function ands a
parameter that represents the discontinuity intensity. In order to satisfy the physical constraint
of non-negativity for the flexural stiffness the conditior< v < 1 is required.

The governing equatior8g) assumes the following form

[Eolo[1 — U (z — zo)]u" (z)]" = q(x) (42)

Equation 42) models a beam model with abrupt variation of the cross section or of the Young
modulus, resulting in a discontinuous flexural stiffness at the abseis@gjump) and constant
elsewhere.

As it was mentioned before, closed form solutions can be obtained integrating the differential
equation and are presented Bigndi and Caddem005).
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4 WAVELET FINITE ELEMENT EQUATION FOR A BEAM
The generalized function of potential energy for Bernoulli beanBatlie 1982

w=3 [ AP @) - 20@a()}ds @3)

and it is assumed that the displacemerttan be approximated by Daubechies scaling functions

of order N as,
0

w= > abE—k) (44)
k=—(N-2)
whereqy, are the coefficients of approximation to be determined.

The minimization of equationd@), (which in this case is equivalent to ask = 0), as in
standard finite element methods, provides a linear sysfem= R which has to be solved. To
obtain the stiffness matrik” and load vectoRz connection coefficients the equatidi) has to
be used, and in case thafx)/(x) is constant, take the form,

" L
RO = /0 §'(E — )" (€ — j)de (45)

R = /0 §"(€ — D)q(€)de (46)

It is important to point out that when a large number of wavelet based elements are used in
structure analysis, for ensure calculation efficiency, connection coefficients can be calculated
and stored first. Then these connection coefficients can be used directly in the calculation of
each element stiffness matrix.

This stiffness matrix is in wavelet space, and the corresponding degrees of freedom are
wavelet coefficientsy,. In order to satisfy boundary conditions and compatibility at the inter-
faces between neighboring elements, the stiffness matrix should be transformed from wavelet
space into physical space, and the elemental degrees of freedom should be transformed from
wavelet space into physical space. This transformation can be expressed as,

w =T«

wherew is the vector of elemental displacement and rotations,Jarscthe transformation ma-
trix, calculated evaluating scaling function and its derivatives. The algorithm has been described
in section @.2).
The elemental stiffness matrix in physical space can be calculated from the one in wavelet
space%(e)with
5 = (ko (47)

As customary in the finite element method, all the “element-stiffness” matrices are assembled
to obtain a linear system of equations and, after imposing boundary conditions, displacements
in all nodes are obtained. Sometimes stresses are also required, and then the procedure is the
same as in an standard FEM.
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4.1 Daubechies wavelet plane beam element D12

In the finite wavelet element for Euler beam equati88) (proposed in this paper, the dis-
placementv in equation 44), is approximated by Daubechies scaling functions of ordes
12. Accounting that D12 hasl degrees of freedom,nodal displacements and only two nodal
rotations at the ends are considered. The degrees of freedom for each element are

ET = [w17017w27w37w47'-'7w87w9709] (48)

W

q(x) = 480q, (T — 1)

CNRN s
iﬁ

ElL=El, El,=El,

Figure 2:Clamped-clamped beam with linear varying load
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Figure 3:Left: deflection Right: slope
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Figure 4:Left: curvature Right: shear
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5 APPLICATIONS
5.1 Non-uniform loaded beam

Application of the closed form solution presented in sec8dris considered for a clamped-
clamped beam anfl’ = 480 (see FigR). Integration constants are then uniquely determined
from boundary conditions. Deflection, slope, curvature and shear functions are plotte®in Fig.
and Fig4. These functions are compared in each case with the ones obtained considering a uni-
form beam with constant loagd= ﬁ A very different behaviour, produced as a consequence
of the linear varying load, in particular in shear function (see Ejgcan be observed.

+ present
— myact

wElofgalt

L . L . L . L . L
0z 04 0B 08 1 12 14 16 18 2
L

Figure 5:Numerical results: Non-uniform loaded beam

5.1.1 Numerical solutions

Using Daubechies = 12) the left and right segments are divided into one wavelet-based
beam element, respectively, to analyze the problem. The deflection curve obtained in each case
is compared with the exact one in Fig. It can be seen that a good approximation is obtained,
with a maximum relative error of. 11.

5.2 Flexural stiffness discontinuity

A beam with a jump discontinuity as it was described in sec8dhis considered. In this
example, the beam is simply supported and shows an abrupt flexural stiffness chargé at
from the valueE, I, to the value4FEyl,, which corresponds to the valge= 3/4 described in
section3.2. As itis shown in the Fig6, the beam is loaded witf{x) = 1. This flexural stiffness
jump results in a general decrement of the deflection function with respect to the uniform beam
(see Fig.7).

i ? s =1
rfprrn

7777 ELi=El, El.=4El, /777

_ L L
= b ]

Figure 6:Simply supported beam with flexural stiffness discontinuity
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Figure 8:Curvature

The closed form solutions in terms of deflection, slope and curvature functions are plotted
in Fig. 7 and8, and compared with the solution of the uniform beam with constant flexural
stiffnessEy .

Notice that the solution functions, in view of the singularity of the flexural stiffness, show
continuous deflection and slope functions, but a curvature function showing a discontinuity at
xr=L.

5.2.1 Numerical solutions

As in the previous example, the left and right segments are divided into one wavelet beam
element to analyze the problem.

Numerical results are plotted with the exact solution in Figand good accuracy can be
observed. Calculating the error displacement at nodal points, the maximum relative error was
0.38.

6 CONCLUSIONS

The numerical tests reported in this work demonstrated the feasibility and capability of using
wavelet bases in the FEM. In particular, numerical examples illustrate that the wavelet-based
beam element formulated in terms of Daubechies wavelet basis functions has good accuracy.

An efficient integral method to calculate stiffness and load matrices was necessary to en-
sure numerical stability. In particular, the use of the Daubechies wavelets, having the good
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Figure 9:Numerical results: Flexural stiffness discontinuity

properties of orthogonality, compact support and nesting, guaranty the higher-order polynomial
approximation.

A Matlab program was generated for the numerical experiments presented in this paper.

It can be forecasted that wavelet-based elements would play an important role to analyze
more complex problems in two or three dimensions and should be studied in the future.

The authors strongly believe that combining wavelet function and finite element techniques
to solve a wider class of partial differential equations is a field where still there is much to
research.
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